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I. Electrodynamic Measurements. By Professor WiLHELM
WeBEeR.—Sixth Memoir, relating specially to the Principle of
the Conservation of Energy*.

HE law of electrical action announced in the First Memoir
on Electrodynamic Measurements (Elektrodynamische
Maassbestimmungen, Leipzig, 1846) has been tested on various
sides and been modified in many ways. It has also been made
the subject of observations and speculations of a more general
kind ; these, however, cannot by any means be regarded as having
as yet led to definite conclusions. The First Part of the follow-
ing Memoir is limited to a discussion of the relation which this
law bears to the Principle of the Conservation of Energy, the
great importance and high significance of which have been
brought specially into prominence in connexion with the Mecha-
nical Theory of lleat. In consequence of its having been asserted
that the law referred to is in contradiction with this principle,
an endeavour is here made to show that no such contradiction
exists. On the contrary, the law enables us to make an addition
to the Principle of the Conservation of Encrgy, and to alter it
so that its application to each pair of particles is no longer
limited solely to the time during which the pair docs not undergo
either increase or diminution of vis viva through the action of
other bodies, but always holds good indcpendently of the mani-
fold relations to other bodies into which the two particles
can enter.
Besides this, in the Second Part the law is applied to the de-
* Translated by Professor G. C. Foster, F.R.S., from the Abkandlungen
der mathem.-phys. Classe der Kinigl. Sichsischen Gesellschaft der Wis-
senschaften, vol. x. (January 1871).
Phil, Mag. 8. 4. Vol. 43. No. 283, Jan, 1872, B



2 Prof. W. Weber on Electricity in relation to

velopment of fhe equations of motion of two electrical particles
subjected only to their mutual action. Albeit this development
does not lead directly to any comparisons or exact control by
reference to existing experience (on which account it has hitherto
received little atteation), it nevertheless leads to various results
which appear to be of importance as furnishing clues for the in-
vestigation of the molecular conditions and motions of bodies
which have acquired such special significance in relation to Che-
mistry and the theory of Heat, and to offer to further investiga-
tion interesting relations in these still obscure regions.

ON THE RELATION BETWEEN THE LAws oF ELECTRICITY AND
7HE PrincIPLE oF THE CONSERVATION OF ENERGY.

1. Electrical Particles and Electrical Masses.

Particles of positive and of negative electricity are denoted by
the same letters, for instance by e or € &c., but a positive or a
negative value is assigned to e or €' ... according to whether it
represents a particle of the positive or of the negative fluid.

If the measurable force of repulsion cxerted by the first par-
ticle e upon another exactly equal particle e at the constant
measurable distance » be denoted by f, and also the measurable
force of repulsion exerted by the second particle ¢ upon another
exactly equal particle ¢, at the same distance r, be denoted by
J', then -_I_-r\/f— is taken as the measure of e, and +ry/f7 as the
measure of ¢, where the upper or the lower sign is to be taken
according to whether the particle is a particle of positive or of
negative fluid. The unit of force which is here adopted for the
measurement of f and f' is the unit recognized in Mechanics,
namely the force which, when it acts upon the unit of mass re-
cognized in Mechanics (1 milligramme), imparts to this mass
unit of velocity in unit of time. The repulsive force]of the two

articles e, €, so long as their distance r remains unchanged, is,
in acccordance with the electrostatical law,
— ed!
T
A negative value of this expression denotes attractive force.

In this mode of denoting particles of the electric fluids, how-
ever, e, ¢ have not the signification of masses in the mechanical
sense, as appears from the simple consideration that e, ¢ may
have at one time positive and at another time negative values ;
but nevertheless the values of e, ¢ are closely reclated to the
masses of the particles. For if we denote the masses of the par-
ticles e, ¢’ (in the mechanical sense, according to which the unit
of mass [1 milligramme] is detcrmined by the mass of one pon-
derable body, and different masses are compared with each other
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in proportion to the reciprocals of the accelerations produced in
them by the same force) by ¢, €, of which the values are always
positive, we get for positive values of ¢, ¢,

e_¢ ..

_?_a,
and for negative values of e, e’ )

e_¢ =b

c=a=b

where a has a definite positive and b a definite negative value.
Whether or not we have here aa=12), or what ratio aa bears to
bb, has not as yet been made out, any more than the numerical
value of aor 5. In many cases the electrical mass € is connected
with a ponderable mass m, so that it is impossible for it to be
moved independently of it; in such cases, only the combined
mass m + € comes into account, and in general € may be regarded
as vanishingly small in comparison with m. Consequently it is
only seldom that the masses ¢, € have to be considered.

The distinction here indicated between the particles e, ¢ and
their masses ¢, € is not always made; on the contrary, the sym-
bols of the particles e, ¢ are also used to denote the correspond-
ing masses. It is, however, to be observed that, when this is
done, no regard can be had to the signs of ¢, ¢. The omission
of the unknown factors a and b is always allowable when we are
dealing only with the relative values of masses of positive or of
negative electricity.

2. The Law of Electrical Force.

The Law of Electrical Force is thus stated in ¢ Electrodynamic
Measurements’ (Leipzig, 1846, p. 119:—

If e and ¢ denote two electrical particles, the repulsive
force exerted by the two particles on each other at the
distance r is represented b

ee! (1 1 dr* 2r ddr)
rr ccdt ¥ o aE)
where ¢ is the constant denoted at the place quoted by %.

But this expression for the force which the particles e and ¢
mutually exert upon each other, it is easy to see, is dependent
on a magnitude which contains as a factor the very force that is
to be determined. This isreadily seen when the relative accelera-

tion of the two particles, namely %:1:—, is broken upinto two parts,

thus,
ddr _ ddY _ ddr'
daf = d@ T aE
B2
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where the first i)art,ddi-;: , 18 the relative acceleration due to the mu-

U
tual action of the two particles,and the second part, ‘;"TJ, is the ae-

celeration due to other causes (namely to the acquired velocity of
the particles perpendicular to r, and to the mutual action between
them and other godies). The first part, however, or that due to
the mutual action of the two particles, is proportional to the
force arising from this mutual action, and is represented by the
quotient of this force by the mass upon which it acts.

Hence there easily follows, as was shown in the memoir
already quoted (page 168), another expression for the force which
the particles e and ¢ mutually exert upon each other, containing

only terms which are independent of the force to be determined,
namely the expression

ed 1 drt 2r/’)
— (“ watt e

1
(in which f is put for iIl:;:i?) , or, if the electrical particles e and ¢

are distinguished from their masses € and € in accordance with
the previous section (a distinction which was not made in the
memoir quoted above), the expression

ed 1 o 2;/)
ete (I—Ed—t"'-z )
= ed

_2r
T ¢

From this it results that the law of electrical force is by no
means so simple as we expect a fundamental law to be; on the
contrary, it appears in two respects to be particularly complex.

In the first place, it is a conscquence of this expression for the
force, that, as was pointed out in the memoir referred to, the
force which two electrical particles exert upon cach other does
not depend exclusively upon these particles themselves, but also
upon the portion of their relative acceleration denoted by f,
which is in part due to the action of other bodies. It was also
pointed out that, inasmuch as the forces exerted by two bodies
upon each other have been called by Berzclius catalytic forces
when they depend upon the presence of a third body, electrical
forces considered generally are, in this sense, catalytic forces.

In the second place, another noteworthy result follows from
this expression for the force—namely, that when the particles e
and ¢ are of the same kind, they do not by any means always
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repel each other ; thus when %’; < cc+2rf, they repel only so long

2 e+é .
a8 r>—- —o e¢/, and, on the contrary, they attract when
<2etd ce.
S e
An exception to this rule occurs only in the case in which
(r—2%,éi g which is always a factor of the denominator,

becomes likewise a factor of the numerator. This case occurs
when the two electrical particles are at permanent relative

rest, 8o that ‘dit =0 and ddr = =0.
The general expression for the force given above becomes in
fact
ecd 2r
— 2e+e ed .(1+ z;f)
r eel cc

when i =0; and by dividing this by the mass ——; e T Ve find the
part of the acceleration which is due to the forces exerted upon
each other by the two electrical particles, namely
(e +€ee )
( e+¢€ ee') ( + f *
eer(r—2—-

Tee

By adding to this the other part of the acceleration, namely f,
which is due to the acquired motion of the particles at nght
angles tor and to the action of other bodics, we obtain the fotal
acceleration, namely
ddr _ (e +€)ed 2r
a2 ( e+e' ec’ (l )
er(r—2—

which, when the particles are at permanent relative rest, =0.
Hence for permanent relative rest we have

__ e+ ed,
T Ted

If this value of f be substituted in the expression for the force

oy (el

e cc
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the latter becomes

ed 1 _qct e, g)
e+é e °r(r e e/
r (r -2 —F- —)
e cc
Hence it appears that, in the case of permanent relative rest, the
!
factor (r—2 %ei . Z) is common to numerator and denomi-

nator. The value of the quotient, which is thus independent of
this factor, namely i—:’, consequently gives the expression for the

force, in the case of permanent relative rest, in complete agree-
ment with the fundamental laws of electrostatics, according to
which this force has a positive value for particles of the same
kind at all distances.

8. The Law of Electrical Potential.

In the previous section the law of electrical force is shown to
be, in two respects, of a very complicated character, namely :—in
the first place, in that the repulsive force between two electrical
particles is dependent on things that do not appertain either to
the nature of the particles which exert the force upon each other,
or to their relative positions in space, or their existing relative
motion, but depends upon other bodies; and secondly, in that
repulsion may be exerted upon each other at certain distances
by the same particles, and atfraction at other distances.

Compared with this complicated law of electrical force, the law
of electrical potential is very simple.

The value of the potential V of two electrical particles e and ¢,
in fact, as I pointed out as long ago as the year 1848 in Pog-

gendorft’s Annalen (vol. Ixxiii. p. 229), is determined by the
following law,

V=" =1

Observing that both 7 and ‘;—: have different values at different
times for both the particles e and ¢/, and that consequently both
are fanctions of the time, it follows thatg; may also be regarded

d
as a function of 7, which may be denoted by fr. We thus obtain

V= ”—:'-(%.( fr)’—l),‘
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and from this, by differentiation, the expression for the force

av ed (1 eel . dff
== e = 'Adl
dr cc’ (/) 1)+2rcc 'fr°dr ’
or, if we again put z_r for fr,
t dr

dV_ely 14t i L
ar " rr cc dt? " ec dt dr)’
for which we may write
v _eds  1dt 2 ddr
W_rT( Tecdf e a’t’)'

From this it appears that

is a function whose differential coefficient with respect to » re-
presents the repulsive force between the two particles e and ¢,

where r andzt denote respectively their distance and relative velo-

city regarded as functions of the time. But since%’( 1, d l)

— %ﬂ' —
becomes equal to nothing when e and ¢ are separated infinitely

2

far from each other, e—;—(—l— . Z——rﬂ - 1) is the potential of the elec-
trical particles ¢ and ¢—that is to say, the work which is ex-
pended in causing the particles to approach each other from an
infinite distance while under the action of their mutual repulsion,

and to arrive at the distance r with the relative velocity %:*.

It likewise results from the foregoing that the work, which is
expended when a given relative arrangement and state of motion
of a system of particles e, ¢ are changed to another arrangement
and another state of motion, depends only on the initial and

* This law of electrical potential has also been taken as his starting-point
by Beer in his ¢ Introduction to Electrodynamics’ (see Einleitung in die

lektrostatik, die Lehre vom Magnetismus und die Elektrodynamik, von
August Beer. Nach dem Tode des Verfassers herausgegeben von Julius
Pliicker : Braunschweig, 1865. S.250). The placing of the law. of poten-
tial in the foreground as the fundamental law, and deriving the law of force
from it, ought not to give rise to any misgiving. We have in many respects
a better justification for speaking . of the physical existence of the work ez-
pressed by the potential tEnn for speaking of the physical existence of a
JSorce, as to which all we can say is that it tends to change the physical rela-
tions of bodies.
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final arrangements and movements of the particles, and is inde-
pendent of the way by which the transition has been effected,
and also independent of states of motion which may have existed
during the transition.

4. Fundamental Electrical Laws.

The law of electrical potential certainly appears to stand, in
view of its simplicity, in a much closer relation to the true fun-
damental laws of electricity than the far more complex law of
electrical force; but the expression of the former law may still
be resolved into two simpler laws, which may be stated in the
following manner :— )

First Law.—If two particles e and ¢ arc at relative rest or
possess the same relative motion at two different distances r and
p, the quantities of work V and U which are expended in scpa-
rating the particles, while mutually acting on each other, from
these distances to an infinite distance, are to each other inversely
as these two distances, that is,

V:U-—'p:r. e e e o e & (l)

Second Law.—The work U, which is expended in separating
the particles e and ¢ while subject to the force exerted by them

!
on each other from a given distance p (= ef) proportional to

the quantily ee' to an infinite distance, makes together with the
vis viva x, which belonged to the particles in consequence of
their relative motion at the distance p, a constant sum, namely a ;
that is,

Utz=a. « . . . . ..
For from equation (1) it follows that

U= %V;
and hence, by equation (2),

-’:V+a:=a,

= (0-2).

But the relative vis viva 2 is proportional to the square of the

. €
or, since p=—

relative velocity %—, 8o that we may substitute for a a new con-
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stant cc, such that
z_1 47
a ¢ dtt’

®*Ife and ¢ denote the masses of the particles ¢ and ¢/, «and ﬁ the velo-
cities of ¢ in the direction of r and at nght angles thereto, and &' and 8’ the

same velocities for ¢, so that & —a'= d— is the relative velocity of the two
particles, then

de(ant50)+] €(a's'+p8'8)
is the total vis viva of the two particles. If we now put for &

xtea' | e'(z—a')
hadu bR NS L

e+e' e+te
and for o'
¢¢+¢¢ _¢(z—a')
Tete e+e

we get the total vis viva of the two particles represented as the sum of two
parts in the following manner—namely,

L« dr 1[(atda)
of ot - et st ems ],
the first part of which, or - ! f:_ ; :;'2 » is the relative vis viva of the par-

ticles which was denoted above by z. But ais also a relative vis viva of
the same particles, namely that which corresponds to a definite relative

1 e 1 dr?
velocity c, so that a= Texe cc. Hence we get D T oot given

c d
above.
It muy be further observed that the second part of the above sum,

namely 5 [(“'H “)’-l' B3+ € ﬁp’], may be again represented, after

another subdivision, as the sum of two parts, thus
=..l..‘_" o [(‘¢+‘¢)2+(c+¢)yy]

where 3—"— represents the veloclty with which the two particles move rela-

tively to each other in space perpendicularly to , while y represents the
velocity, perpendicular to r, of the centre of gravity of the two particles.
We tl;us get the total vis viva of the two particles divided into three parts—
namely,

1 ' dr
2exear’
1 e ds?
§'¢-T¢‘"¢T-"

i, 2 (‘“*"“)’ +(¢+e)‘yy]

il

1 dr2 S
the first of which, namely 5 a:r * 3> Tepresents the relatice vis viva cf
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We thus obtain

ed 1 &*
V=?(1-E'd_t’ .

Here V denotes the work expended in separating the two par-
ticles from the distance r to an infinite distance. If V is to de-
note the work done in bringing the particles from an infinite dis-
tance to the distance r, as it is usually understood to do, so that

positive values of v may indicate repulsion, we obtain

dr
edr1l dr?
=5 (a1
that is to say, the law of electrical potential.

5. Principle of the Conservation of Energy for Two Particles
which form a detached system.

The two fundamental laws laid down in the foregoing section,
which may be called
The Law of the dependence of the Potential on the distance
for a constant relative motion, and
The Law of the dependence of the Potential on the relative
motion for a constant distance, '
require to be further discussed in relation to their bearing upon
the principle of the Conservation of Energy.

In accordance with the principle of the conservation of energy,
three forms of energy are to be distinguished from each other—
namely, energy of motion (kinetic energy), potential energy, and
energy of heat (thermal energy).

The energy of motion is that part of the energy which depends
upon the existing movements ; and a special determination is
given of the way in which it depends upon movement—namely,
partly upon the magnitude of the moving mass, and partly upon
the velocity with which this mass moves.

The same determination also appies to thermal energy, if this
is regarded, in accordance with the mechanical theory of heat,

the two particles; while the first two parts taken together, namely

L (e do)

Qete \di3 T de?
represent the total internal vis viva, or the total internal kinetic energy of
the system ; and the third part, namely % [(‘—“%:/P +(e+a)y-;] s Tepre-

sents the external vis viva, or the ezternal kinetic energy of the system (that
is, the vis viva of the centre of gravity of the two particles).
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as an infernal motion of the particles of bodies. But if we are
dealing with a system of two elementary particles (that is to say,
particles such that there can be no motion within them), it is ob-
vious that in the case of such a system thermal energy has no
existence, and energy of motion and potential energy alone remain.

Lastly, the potential energy is that part of the energy which
depends on the existing potential ; and a special determination is
needed of the way in which potential energy depends upon the
potential, exactly as, in the case of the energy of motion, it is
needful to determine the special way in which it depends on
movement.

Now this special determination has been made by equating
potential energy (without regard to the sign) and potential*.

The justification for this procceding has been found in the fact
that the potential is a magnitude which is homogeneous with
kinetic energy, which, when taken with the negative sign and
added to the kinetic energy, gives always the same sum, so long
as the two particles constitute a detached system which does
not undergo either gain or loss of energy from without.

For instance, if we have a system of two ponderable particles
m, m', its potential is

and the internal vis viva, or the internal kinelic energy of the
system, is

1 mm
W= -‘2 m (uu+au),
where u=%is the relative velocity of the two particles, and «

the difference of the velocities in space perpendicularly to r.
But, for such a detached system, if we put r=r, and a=a,

# The sign of the potential, V, is so determined that positive values of

%‘: indicate repelling forces; the sign of the potential energy is fixed by
r .

the sign of the work which is done, in consequence of the mutual action of
the particles, when the two particles are separated from the distance r to
an infinite distance. Consequently, for two ponderable particles m, m', the

potential is V= ."'_"il, and the potential energy = — '."’_L"- For two elec- -
r
e (1 dr?
trical particles e, ¢ the potential is = ‘-'r—- (; gp—l), and the poten-

- ———
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when u=0, the following value is easily got, namely

—_ ! *
wu="T0 r[2(m+m) _To+r “] j

and consequently the sum

mm' 1 mm
W=V= o +2m.ao¢o.

This sum -always retains the same value as long as the values of
7, and a, remain unchanged—that is, so long as the system of
the two particles undergoces neither loss nor gain of energy from
without. The external kinetic energy of such a detached system
amounts separately to a constant sum.

Now the same thing holds good also for two electrical particles
e, ¢ ; for their potential, taken with the negative sign and added
to their kinetic energy, gives in like manner always the same
sum s0 long as the particles constitute a detacked system,

* Thil force with which the two particles mutually act on each other,
v . . . .
namely -, divided by m, gives the acceleration of the particle m—thatis,

'-:—‘— v ; divided by m' it gives the acceleration of the particle m’, namely
1

“dr
%’ Consequently that part of the relative acceleration of the two
n .

A 1\dV .
particles which arises from their mutual action is (;.- + W) ~4r» While
that part of the relative acceleration of the two particles which arises from

. o .
their rotation about one another is represented by —~. If mow this last

d
portion be subtracted from the total acceleration d_}" the following equa-

tion results:
du_sx_(1y1yav
m m’) dr’
Putting r=r, and «=e, for the instant at which u=0, we obtain the ex-
pression
ar=a,r,
‘as applicable for the case in which the only forces acting on the two par-

ticles are those due to their mutual action. Accordinilg we get, by inte-
grating the above differential equation after it has been multiplied by

2dr=2udt,
ut+ aror, (rlr' - .r_:;‘_,) =2 (_’1;_ + ’%') (ﬂ:l' _ "'.7’:1') )
and hence
~nor(nin)_nir, ) rer(@nbe) _sir,)
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We have, for the potential of such a system of two electrical

particles,
ee ruu
V=200

and, for the internal kinetic energy of the system,
1 e ee
W=§ m (uu+a¢) =P;(W+“),
if u= % denotes the relative velocity of the two particles, and «

the difference of their velocities in space at right angles to r.
But, for such a detached system, when we put r=r, and a=sa,’
for u=0, it is easy to obtain

=T

a—rau,

_r—ro(ﬂ Tot+r )*
——r—p ro“+ > %% )%

and consequently the sum

uy

w_v_e_e'..'.ﬁ'.i&wﬁ:?i 1 e

o . %p%ge
o p ¢ 19 Re+e 00

This sum likewise retains the same value so long as the values
of roand a, remain unchanged—that is, so long as ‘the system of
two particles undergoes neither loss ‘nor gain of energy from
withoutt. The same principle holds good in relation to the external
kinetic energy of a detached system of two electrical particles
and to that of two ponderable particles.

* See Section 11.

+ In Professor Tait's very instructive work, ¢ A Sketch of Thermodyna-
mics > (Edinburgh, 18G8), the following passage occurs at page 76, in refer-
ence to the investigations of Ricmann and Lorenz which appeared in Pog-
gendorff’s Annalen for 1867 [ Phil. Mag. 8. 4.vol. xxxiv.pp. 368 and 287]:—
“ But the investigatious of these authors are entirely based on Weber’s inad-
missibletheoryof the forcesexerted on cachother by moving electric particles,
for which the conservation of energy is not trne, while Maxwell’s result is
in perfect consistence with that great principle.”” This assertion of Pro-
fessor Tait’s seems to be in contradiction with the above. At page 56 of
the same work Mr. Tait mentions that Helmholtz has based the doctrine
of energy on Newton’s principle and on the following postulate :—‘ Matter
cousists of ultimate particles which exert upon each other forces whose
directions are those of the lines joining cach pair of particles, and whose
magnitudes depend solely on the distances between the particles.” The
contradiction between the fundamental law of electricity and this postulate
is evident ; but the contradiction between it and the principle of the conser- .
vation of energy is by no means evident,—a distinction which Professor
Tait seems to have overlooked.
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6. Extension of the Principle of the Conservation of Energy lo
two electrical particles which do not form a detached system.

If potential energy is taken, as is done in the previous section,
as equal and opposite to potential, the principle of the conserva-
tion of energy holds good for two particles only so long as these
two particles constitute a defached system—that is, so long as the
system formed of the two particles undergocs neither gain nor
loss of energy from without.

If the total energy of such a detached system of two particles
were at first =A, but, the system ceasing to be detached, it re-
ceived from without a quantity of kinetic energy =a, it seems
to follow that, if the system were now again to become detached,
the fotal energy would again become and remain constant so
long as it remained detached, but that the total encrgy of the
system in its final detached state would have the value A+a
(that is, a value exceeding that corresponding to its previous de-
tached state by a). This, however, does not by any means con-
clusively prove the impossibility of extending the principle of
the conservation of energy to two electrical particles which do
not constitute a detached system.

For, strictly speaking, this has only been proved on the as-
sumption that the potential energy of the system depends solely
on the distance between the two particles; while if, on the
other hand, the potential energy does not depend simply on the
distance of tlie two particles, but also on their relative motion,
it is evident that while the system receives from without an
amount of kinetic energy=a, a change in its potential energy
-may be indirectly produced thereby. It is thus possible that
the change of pofential energy, so caused indirectly from without,
might be = —a, so that the tofal energy (kinetic cnergy and
potential energy together) of the two particles, even if they did
not constitute a detached system, would retain always the same
.value.

This, however, certainly does not occur in reality for a system -
-of two electrical particles, if the potential energy is taken as equal
and opposile to the potential ; but this assumption, which would
thus make the extension of the principle impossible, has by no
means been proved to be a necessary one. In general, all that
is required is & special determination of the way in whick the po-
tential energy depends upon the potential ; and here all that is
sclf-evident 1s, that inasmuch as potential and potential energy
are homogeneous magnitudes, a purely numerical relation must
exist between them. But whether this numerical relation is
“always that of +1 to —1, or whether it is to be fixed other-
"wise, must still be regarded as in general doubtful ; so that the
possibility of the extension of the principle still remains.
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We understand, in fact, by the potential of two particles, the
amount of work which, in consequence of the mutual action of
the two particles, is done when they are transferred in any way
whatever from an infinite distance to the actually existing dis-

tance r with the actually existing relative velocity j—:

It is, however, evident that work is done, in consequence of
the mutual action of the two particles, not only during their
transference from a greater distance to the distance r, but also
during their transference from a smaller distance to the distance
r.  And there is no obvious reason why the energy ascribed to
the system should be made to depend on the work done in the
Jormer case, and not on that done in the latter case also.

For example, if the first quantity of work were denoted, ac-

cording to Section 4, by V, and the second by p-;_r V, the poten-
tial energy ascribed to the system might be taken as the differ-
ence of these two amounts of work, namely =L"Ty_v=_1Iv.

p
This difference of the two amounts of work is evidently the
quantity of work which is done, in consequence of the mutual
action of the two particles, during their transference from the
limiting value of small distances to the limiting value of great

distances—that is to say, the value which —V= ire'(l— gg‘)

assumes when r is taken therein as equal to the limiting value
of small distances, or when we put r=p, where p denotes the
limiting value of small distances. According to this, therefore,

this difference of the two quantities of work=%’ (1— Z—f = —;V.

In order to determine in this way the potential energy of a
sistem of two electrical particles when the first quantity of work
above referred to is ,

V= e~e’ g | ’
r \cc

it is only necessary further, for the determination of the second
‘quantity of work, to determine the value of p—that is, of the
‘smaller distance which is to be taken account of in that portion
of the work.

Now this smaller distance, equally with the greater distance,
must be determined on its own account, independently of the
actually existing conditions of the two particles. This was done
in the case of the greafer distance by assigning to it an infinitely
great value ; in the case of the smaller distance the same thing
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is accomplished if we assign to it the value 2 e;:e’ . -:—:-' , 8
distance which is given by the particles ¢, ¢, by their masses e, €,
and by the known electrical constant c.

If we now put the smaller distance equal to the value of p, we

get, in virtue of the equations
ee fuu
- (o)
r \cc

L’:_"V=P_‘_".fi(ﬂ_1 ,
cc

P p T :
the required value of the potential energy, namely
Ty=_(m )1 e (cc—uu)
p~  p\ee T 2¢e+¢ ‘

In accordance with the distinction which is here drawn between
the potential and the potential energy of two electrical particles
and with the corresponding determination of their relation to each
other, an analogous distinction may also be made between the
vis viva and the kinetic energy of two particles. For there is no
necessity that the kinetic energy of two particles should be taken
. as being equal to the total vis viva of the two particles ; all that
is generally essential is a definite determination of the relation
subsisting between the kinetic energy of two particles and the total
vis viva belonging to them both.

Now the total vis viva possessed by the two particles was re-
presented in the note to section 4 as the sum of two parts, of

. 1 e drt
which the first part, namely 3erd a@ Ve called the rela-

tive vis viva. The second part was that which the two particles
possessed in virtue of their revolution about each other in space,
and in virtue of the motion of their centre of gravity in space.

If now, in order to establish the conception of the energy of
two particles, we take it as our starting-point that the prin-
ciple of the conservation of energy of two particles must be based
upon the essential characters of the two particles, and in fact
upon what is essential to them when regarded as constituting a
detached system, it is obvious that for this purpose the concep-
tion of the energy of two particles must be made to depend only
on the relations presented by the system of the two particles as
such, quite irrespectively of the relations in which these parti-
cles may stand to all other bodies in space.

Applying this fundamental principle to the kinetic energy of
two particles in the same way as it has just been done in respect
of the potential energy, we see that the kinetic energy must be
taken as dependent upon the first part of the total vis viva be-
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longing to the two particles—that is to say, upon their relative
vis viva—and not upon the second part of the total vis viva, or
that which the two particles possess in virtue of their revolution
about one another in space or of the motion of their centre of
gravity in space; for this latter part depends upon relations
which the two particles do not of themselves directly present.
For the two particles taken by themselves do not directly pre-
sent any relation to space except their distance apart, from
which no knowledge can be had of their rotation or of the
motion of their centre of gravity in space.

Consequently, in what follows, by the kinetic energy of two
particles is to be understood, not the total vig viva possessed by
the two particles, but only their relative vis viva.

But it is easy to see that, in accordance with this, while a
system of two efectrical particles e, ¢ receives from without an
amount of kinetic energy =a, it really undergoes an alteration
of its potential energy =—a; so that the whole energy of the
system must always retain the same value not only when the
two particles constitute a detached system, but also when they
do not do so. For if we represent the kinetic energy communi-
cated from without by y

1 e

a= 2— e+—€l vy,
while the kinetic energy of the particles before the communica-
tion of this portion was g
1l e

Sgere o

the kinetic energy existing after the communication is

1 &€ 1 e

2 erd T gege Mot
Consequently the potential energy before the communication is

ro 1 e
—;V— 3eyd (ce—uguo),
whereas the potential energy after the communication is
r 1 e , 1 e 1 e

—;V=§-e—+—e—,(cc—uu)—2—m(cc—uouo) gmw,

so that, in consequence of the communication from without of
kinetic energy equal to + a, a change of potential energy has oc-
curred which is represented by

Phil. Mag, 8. 4. Vol. 43. No. 283, Jan.1872, C
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7. Application to other Bodies.

If we distinguish, in accordance with the last section, between
the potential and the potential energy of two particles—that is to
say, if we define

Potential as the amount of work which, in consequence of the
mutual action of the two particles, is done during the
‘transference of the particles from an infinite distance to the

. . - . . dr
actual distance r with the existing relative velocity a

and

Potential energy as that amount of work, taken negatively,
which, in consequence of the mutual action of the two par-
ticles, is done during the transference of the particles from
the greater distance r=  to the smaller distance r=p deter-
mined by the particles e, ¢, their masses ¢, ¢/, and by the

constant ¢, with the existing relative velocity i

the latter (that is to say, the potential energy in the sense that
has been indicated) may be resolved into two parts, one of them
equal and opposite to the potential, and therefore identical with
the magnitude which has hitherto been alone called potential
energy, but which, regarded henceforward as only a part of the
potential energy, we may call the free potential energy; the re-
mainder is the second part, which may be called the latent poten-
tial energy. ,

Hence the principle of the conservation of energy may be
cnunciated in the first place in the earlier wider sense as follows: —

For a detached system of two particles the sum of the kinetic
energy and of the free potential energy is always the same.

For so long as no kinetic energy is either lost or communicated
from without, every change in the free potential energy will be
compensated by an equal and opposite change in the kinetic
energy.

But the principle of the conservation of energy may also be
enunciated, secondly, in the narrower sense as follows (potential
energy and kinetic energy being understood in the sense that
has just been defined) :—

The relative kinetic energy of two particles, and the tolal poten-
tial energy which they possess along with this kinetic energy,
together give always the same sum.

Upon this the following remarks may be made :—

(1) One particle regarded by itself can only possess kinetic

energy.

(2) Two particles likewise possess in the first place kinetic
energy, which is the sum of those which they possess when con-
sidered separately,
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(3) This sum consists of a part A, which may be ascribed
partly to the motion of their centre of gravity, and partly to
their rotation about one another in space—and of another part
B, which the particles possess relatively to each other when con-
sidered by themselves. This latter part, B, is called the relative
kinetic energy, ov that belonging to the system formed by the two
particles.

(4) But in the system of two particles there is a something,
in addition to its kinetic energy, which does not belong to the
two particles taken separately, namely a greater or less capacity
Jor duving work in virtue of the mutuafaction of the two particles
upon each other. The measure of this capacity for doing work
is termed the potential energy of the system, or the relative poten-
tial energy of the two particles ; and that quantity of work serves
as the measure of this working-power which is done in conse-
quence of the mutual action of the two particles during their
transference from the smaller distance v=p to the greater distance
r=2x, where p is determined by the particles themselves e, ¢,
by their masses ¢, €, and by the constant c.

(5) The principle of the conservation of energy, however,
when specially detined as above, is only applicable to two par-
ticles when their potential is of the same form as that of two
electrical particles, namely

(3 ),

The potential of two ponderable masses m, m', on the con-
trary, is

!
mm!
V=—;
r

which (neglecting the sign) can be included under the above
general form only if the value of the constant ¢ for ponderable
masses is infinitely great. It is evident, however, that it would
in reality suffice for the constant ¢ to have only a very great
value instead of an infinite value, in order that there might not
be any thing perceptibly inconsistent with the results of ex-
periment. And, considering the extraordinarily hizh value
which must be ascribed to the constant ¢ in the case of elec-
trical particles, it does not seem at all necessary, for the avoid-
ance of all sensible contradictions, to adopt any other value for
ponderable bodies ; consequently it must be permissible to re-
present the potential of two ponderable particles m, m' by

mm! 1 dr?
v="(1- o ﬁ)

C2
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where the constant ¢ retains the same value as in the potential of
two electrical particles.

But even if it should hereafter result from more accurate ex-
perimental results that it is not permissible thus to ascribe the
same value to the constant ¢ in the case of ponderable particles,
the possibility would always remain of assigning to the constant
¢ a still greater value for ponderable particles; and ttis could
easily be taken so great that any sensible disagreement with
experiment would completely vanish.

[To be continued.]

II. Further Notes on the Throry of the Tides.
By the Rev. T. K. AsBorr, Trinity College, Dublin*.

IN the demonstrations given in two previous papers in this

Magazine (January 1870 and February 1871), we have sup-
posed the water to be limited to an equatorial canal, the moon
also being in the equator. [t is desirable to consider what mo-
difications will be introduced, first, by supposing the earth to be
uniformly covered with water, and, secondly, by taking into ac-
count the moon’s declination.

It will save repetition if we state once for all certain general
principles which we shall have to employ. First, suppose an
accelerating force acts alternately in opposite directions, the
effect (measured by velocity) increases as long as the force acts
in either direction, and therefore the velocity in that direction
is greatest at the moment that the force changes its direction.
Secondly, the velocity (diminishing under the counteraction of the
new foree) continues to be in the same direction until this counter
force has undone all the work done in that direction by the pre-
vious force. When the circumstances are alike in both direc-
tions, this will be when the force has done half its work. 'This
is precisely the case of the common pendulum. Thirdly, in the
case before us, the water rises when the particles behind are
moving faster than those before. The rate of rise is greatest
when this difference is greatest; but as the effect is cumula-
tive, the whole amount of the rise is greatest at the moment
when the difference = 0, and is about to change to the oppo-
site. Fourthly, as in 2, this difference ceases to increase (1. e.
18 greatest) when the force (or difference of forces) producing it
ceases toact; but it is not reduced to O until the opposite force
bas done half its work. At this moment the accumulation is
greatest. Fifthly, in the case which we are now considering,
the effective force depends on the form of the surface, and vice

¢ Communicated by the Author,
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XV. Electrodynamic Measurements. By Professor WILHELM
WeBER.—Sixth Memoir, relating specially to the Principle of
the Conservation of Energy.

[Concluded from p. 20.]

8. On the Movement of two Electrical Particles in consequence of
their action on each other.
HE fundamental electrical law determines the action exerted
by any given particle upon another under any circum-
stances. The simplest and most obvious application that can
be made of this law, would seem to be to develope the laws of
the motiou of two particles which act mutually upon each other,
Greater practical interest, however, attached to the determina.
tion, in the first place, of the laws of the distribution of electri-
city at rest upon conductors, and of the laws of the forces exerted
by a current of electricity in a closed conductor, by reason of the
eurrent existing in another conductor, upon this latter conductor
itself—as well as to the development of the laws of the (electro-
motive) forces exerted by closed currents (or b{ magnets) on the
electricity in closed conductors—inasmuch as the results of these
developments admitted of being directly tested and confirmed
by experiment. But although this important practical interest
is wanting to the development of the laws of motion of two par-
ticles subject only to their mutual action, many of its results
cannot fail to merit attention in other respects.

The interest which belongs to these results relates indeed
specially to the molecular movements of two particles, movements
which are shut out from all direct experimental investigation, so
that there is no authority for the application to them of the law
that has been established, so far as it is regarded as an experi-
mental law. Consequently the development of the laws of the
molecular movements of two particles in accordance with the law
that has been established must be considered only as an attempt
to find a clue to the theory (which as yet we are entirely without)
of these movements—a clue which by itself is certainly not
sufficient, but is still in need of being supplemented in essential
respects. For 8o long as the molecular forces acting only at mo-
lecular distances, which doubtless cooperate in the molecular
movements, are not known and taken exact account of, the results
that may be acquired cannot have any exact quantitative appli-
cation, fvmt only a qualitative value within certain limits, and
can be of consequence ouly for a first reconnaissance of the
territory.

9. Motion of two Electrical Particles in the direction of the straight
line which joins them.

For two particles, e, ¢/, moving simply in consequence of their
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mutual action, we have, according to the fundamental laws of
Section 4, by putting

1 1\ed 1 & a1 e
P=2(; +;:)5? TEZexd a T Rexd

and also giving a negative sign to U and V, so as to denote
thereby the potentials,

V:U=2(§+el7)£§:r

1l e d2 1 e
Ut id =2 e5e

and therefore
r \cc df*
If there is no motion of rotation of the particles about each
other in space, % . %’ is the acceleration of the particle e in the

2/1  1\ed ed/1 d?
=7 ﬁz)z-” ————— 1)'

direction of r, and -3 ‘;—Y is the acceleration of the particle ¢ in

the opposite direction. Hence the relative acceleration of the
two particles becomes

ddr _ /1  1\dV
z=(+2)%F
and from this, by integrating between the limits r=r, and r=r

(ro denoting the value of r for the moment when :%:u:O) ,

since p was made =2(}- + l) ﬁ', we obtain
e ¢€)ec

drt r—"o, P

E—Q =uu= r—p 1o «CC,

r£ has always a positive or negative value differing from no-
)

thing; for p=2(§ + 5):; has a given finite although very small
value, which is positive or negative according as ee is positive
or negative; and ro=

W T—p has also a positive or nega-
r+—.—=

cc p
tive value differing from nothing, since the initial values of r
and uu, by which r, is to be determined, must be considered as

positive measurable quantities to be determined by experiment.
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When ;E is positive because both numerator and denominator

)

are positive, all the movements are confined to the distances out-
side the interval pry, and are divisible into movements at a dis-
tance and molecular movements which are separated from each
other by the interval pr,,.

But if ’ﬂ. is positive because numerator and denominator are

both negagive, the movements extend to all possible distances,
since the interval pry then lies outside all possible distances.

When ;P is negative, in which case the interval pr, lies partly

1) .
outside and partly within the possible distances, all the move-~
ments are confined to the part of the interval pry lying within
possible distances ; and if p is positive and r, negative, they are
molecular movements.

From this it follows, when p and r, are positive, that, in the
first place, no transition from movements at a distance to molecular
movements takes place; secondly, that uu always remains less
than cc, if it was smaller at first; and thirdly, that when uu is
]f: than cc, r and r, are (both at once) either greater or less
than p.

If cve keep merely to experience, some of these relative move-
ments of the two particles may be left entirely out of account,
for it is evident that infinitely great relative velocities are never

L
met with in reality ; on the contrary, cl- is almost always to

dr
c di®
be considered a very small fraction. ~

This limitation, derived from the nature of things, is also tacitly

assumed when V= %e:' % 3;—1) is taken as the potential,

since this must be =0 for an infinitely great value of r. For

.o dr? < o . eerl drf .
if 2@ vere infinitely great, the expression—(— - -5 —1) might

have a value differing from nothing even for infinitely great
values of r.

But if the value of ?—; is never infinitely great, there must be

a finite value which %: never exceeds. We may assume cc as
such a value.

Presupposing this limitation of the relative velocities, r, is
always positive; and for every value of r, there exists only a
single, always continuous series of corresponding values of r and
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4 nd

ae’ ™ when p is positive and r, is >p,

the corresponding values of » and Z—:: extend from r=r,to r=c0
dr? a* _p s

and from — =0 to -z = -. The movements are in this case
de? ac = r,

movements at a distance.
If p is positive and ry<p, or if p is negative,

the corresponding values extend from r=r, to r=0, and from

2
% =0 to %=cc. In the first case, when p is positive and
ro<p, and likewise in the second case, when p is negative and
ro<p, the movements are molecular movements ; but if, in the
second case, r, is > p, the movements ave partly movements at a
distance and partly molecular movements.

Hence, with the above limitation of the movements, we obtain
for two particles e, ¢, moving solely in consequence of their re-
ciprocal action, if there is no motion of rotation of the particles
about each other in space, the following equation of motion,
namely,

cc r—p 1,y

uu r—ry p
0. F,

in which u is put =§-:, and where p hasa value that is given by

the particles e, ¢, their masses ¢, €, and the constant c, and r,
denotes a constant to be determined, according to this very
equation, by the initial value of » (which must be positive and
not equal to p, but otherwise may be any thing whatever) and
the initial value of uu (which must be positive and less than cc,
but otherwise may be any thing whatever).

10. Two states of aggregation of a system of two particles of the
same kind.

For two like particles the value of r is positive. And since,
moreover, for every value of r the relative velocity « may have
two equal but opposite values, the value of » may, in accordance
with the above equation B=l"T. P,
cc r—p 1,
either at first decrease from r=00 to r=r,, u at the same time

increasing from u= —c\/é to u=0, and afterwards

To
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r may increase again from r=r, to r=00, u at the same time

increasing from u=0 to u= +c,\/ﬂ;
. o

or r may at first decrease from r=r, to r=0, u at the same

time decreasing from u=0 to u= —c, and then afterwards

r may increase from r=0 to r=r, u at the same time de-

creasing from u= +¢ to u=0.
It is easily seen that in the first case the motion is not a revert-
ing one ; for, after the distance r has diminished from any given
value to ry, it increases again without limit; that is, it never
decreases again., In the latter case, on the other hand, the mo-
tion is reverting, for the distance r alternately diminishes from
7o to 0 and increases again from O to r,.

There seems indeed to be a sudden change in the value of the
velocity  from —c to +¢ at the moment when »=0; but no
sudden change occurs in reality ; for, when r vanishes, —c de-
notes the same velocity as +c¢ does when r is increasing again
from zero.

These two cases of motion are moreover distinguished from
each other by the fact that no transition takes place from one to
the other; for, according to the above equation, such a transi-
tion, in the case of the interval pry or rgp could only occur by u
taking imaginary values.

Now upon this separateness of the two kinds of motion a di-
stinction may be founded between two states of aggregation of a
system of two similar particles—that is, between a state of aggre-
gation in which the particles can only move at a distance from
each other, and a state of aggregation in which they can take part
only in molecular movements. A transition from the one state
of aggregation to the other cannot take place so long as both par-
ticles move in consequence of their reciprocal action only.

It only remains to be noted further, that it has been here
presupposed that the two particles, considered in space, possessed
no motion except in the direction of r; but in the next section
the opposite case will be considered.

11. Motion of two Electrical Particles which move in space with
different velocities, in directions at right angles to the straight
line joining them.

Let « denote the difference of the two velocities which two
electrical particles e and ¢, at a distance » from each other, pos-

sess in space in a direction perpendicular to the straight line r

which joins them ; then 5; denotes the part of the relative acce-

leration z—;‘ which depends upon a.
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If we deduct this part ? from the total acceleration 3—?, the

difference %-— :—“) expresses that part of the relative acce-

leration of the two particles which results from the forces
exerted by them upon each other. According to section 9

this latter part was =(}+ % ‘%’; and hence we obtain the fol-
lowing equation,

de aax (1  1\dV
T -(z +o)E
Multiplying this equation by udt=dr, we get

dr 1 1)\ dV
wi—aa =(G+3) G

and hence, by integrating from the instant at which u=0, the
value of r corresponding to this instant being denoted by rg,

dr;

7o

in which V= % g—l) and Vy=— —erf, but where, in order
0

to perform the last integration, ax must be represented as a

function of r.

Now r. adt is the element of surface described by the line con-
necting the two repelling or attracting particles while they move
about each other for the element of time df; and for equal ele-
ments of time df this superficial element retains always the same
value, whence radt =ryxydt. Introducing the resulting value

1
aa=roroago -

in the last member of the above equation, and carrying out the
integration, we obtain the following equation,

1 l)ee’ r—ro , 1 wu\_uu  agay roro—rr
2(i+7)s e 17 )=+ R T,

from which, by putting 2(% + 517)2, =p, the equation of motion

uu__r—rp ﬁ_'_""""o,“o“o
cc r—p\r, r cc
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is obtained. Putting this value of Z—;—‘ into the equation

V=g E—l),
r \cc
we get
v=e_e’(r;zo £+rir_o.m)_1)
r \r—p\r, r cc ?
dV _ e ro—p ee ( p roro) oty
T =T = =pr\! (3“2;)‘; oo
12.

According to the last section, there exists an equation between
the relative velocity u and the relative distance r of two particles

moving anyhow in space under the action of their reciprocal
forces, namely the equation

uu _r—rofp , r+ro a2\’
cc r—p\ry r c )

in which p denotes a constant that is positive for two similar par-
ticles, and negative for two dissimilar particles.

Now from this there follow results relative to the free motions
of two particles in space, which move, under the influence of their
own reciprocal action, with unequal velocities in a direction per-
pendicular to the straight line joining them, quite similar to
those arrived at in relation to the motions considered in section 10
in the direction of the straight line xr. There results, in fact, in
this case also, a distinction between two states of aggregation
for two similar particles—namely, a state of aggregation in which
the two particles move in such a way as to return periodically
into the same position relatively to each other, and a state of
aggregation in which the two particles move so as to become
always more and more distant from each other and never return
to the same position. No transition from one state of aggrega-
tion to the other takes place so long as the two particles move
only under the influence of their own reciprocal forces.

13.

A rotation of the two particles about each other implies the
existence of a certain aftracting force if the two particles are to
remain at a constant distance from each other during this rota-
tion ; and this attracting force required for the rotation increases,
for the same distance, according to the square of velocity of ro-
tation. According to this, one would expect that, for two similar
electrical particles ata distance ro<p (at which they attract each
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other), there would be always a cerfain velocity of rotation a
for which the attracting force required by the rotation should be
equal to the attracting force resulting from the reciprocal action
of the two particles, so that the two particles rotating about
each other would remain, for this velocity of rotation, at the
same distance r,. This, however, is not the case, since the
attracting force resulting from the reciprocal action of the two
particles depends not only upon the distance ry, but also upon
. the velocity of rotation «,, and increases with the latter in such
a manner that it always remains greater than the attracting force
required by the rotation, so that with any such rotation there is
always involved a mutual approach of the two particles. ‘

It follows indeed easily that, in the case of two similar par-
ticles e and ¢, when p has a positive value and r=r,, and con-

sequently u=0, there is no value of a, for which % =0, as must

be the case if the two particles are to remain at an invariable
distance r,. For when r=r,, it results from the equation at
the end of section 11 that
av _ ed “o“o)
F =t e)
and from this it further follows, since
du ua_(l l)dV pec dV

a7 dldr ~ 2 " dr’
that
du _1_cc (p +2°:-f9),
. at  2ro—p\r, cc
whence Z—;ﬁ can be equal to nothing only when

1
o= — 55'% cc,
which for a positive value of p (that is, when ¢ and ¢ are of the
same kind) is impossible.
It follows further that, in the case of two similar particles, if

du . . - . di
r=ro» g5 18 either positive or negative, according asro>p orro<p.

Consequently the two particles separate always to a greater and

greater distance from each other when r=ry>p, and approach
always nearer to each other when r=ry,<p, whatever value «,
may have, .

14. On the Time of Oscillation of an Electrical Atomic Pair.

Two similar electrical particles at a distance ro<p from each
other (at which their relative velocity =0) do not remain at this



the Principle of the Conservation of Energy. 127
distance, but approach each other from r=r, to =0 with a velo-

city which increases from u=0tou= \/ (cc + ""r;‘:w-" . })—that

is to say, becomes infinite, if the velocity of rotation «, differed
from nothing for the instant at which r=r, From this it fol-
lows that the interval of time ® in which the two particles ap-
proach each other from the distance »=7, to r=0 has a finite
value. The fact that for the instant at which » becomes equal
to O the value of the relative velocity of the two particles becomes

Ve e,

signifies here only that this relative velocity is to be henceforward
taken as a velocity of separation = + 0, whereas it was, up to
this point, a veloctiy of approach = —o0 . This being premised,
it easily follows that, in a second equal interval of time ©, the
two particles will separate from each other again from the dis-
tance r=0 to the distance r=r, The interval of time 20, in
which the two particles approach each other with increasing ve-
locity from the distance r=r, to r=0 and then separate again
from the distance r=0 to r=r,, may be called the time of oscil-
lation of the atomic pair formed of the two electrical particles.

There still remains the problem of determining the time of os-
cillation 2O of such an atomic pair.

This time of oscillation can be readily deduced from the equa-
tion :

uu __ r—ro(p + rotr “o“o)

cc r—p\rq r ccl/
if it be assumed that therein 7, is not greater than p.
For if we first consider the limiting case in which ry=p, it
follows from the above equation that
1
uu=cc+ago+ pego . - ;

and hence, putting u= %:

di= —dr\/ r .
pagag+ (cc+agzo)r

From this we obtain, by integration,

o r
= -—5 dr \/ v
¢ Paqao+ (cc+ agal)r
Accordingly we get :—
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=

P +a V (cc+2agay)

_ (cc-':‘:::ﬂ)*log(\/(l+ )+ \/(2+ a%)),

or, for small values of
8= e(1 — S0 Jog 2
c ce @y
If we next confine ourselves to the consideration of small oscil-

lations (that is to say, those for which Do very small), it results

from the above equation, when r, and r are taken as vanishingly
small compared with p, that

W:M .1 +cc._(c_c + aio)r;
p r o P

whence, putting u= 47:’

cdt=—dr \/ = a . J
0"0%0%o0 +r—(—=+ io,)rr
pec ro  pec
which leads to an elliptic integral. For vanishing values of :—",
we obtain

cdt=—drp [ —2—;

1—--
To
whence there comes, by inte"gration,
27,

e_—-f 7(1—_—0)-—-

When, as has been assumed, r is < p, r, may be called the
amplitude of oscillation ; and it follows that, for small values of

:—° and for small amplitudes of oscillation, the time of oscillation

20 of an electrical atomic pair is l|]:n-oportiona.l to the amplitude
of oscillation ;. But the factor with which 7, must be multiplied

in order to give 20, though a constant = ‘; for small amplitudes,

diminishes for greater amplitudes, and becomes =§ for the am-

plitude r=p.

e ) G guEnm T T A
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If we put ¢=439450.10° n%lzlg::iie, it follows from this last
determination that the value of p must lie approximately between
5055 80d o of a millimetre in order that these oscillations
may be equal in rapidity to those of light.

The difference of the electrical particles e, ¢ and of their
masses ¢, € in the case of small values of %’ and small ampli-

tudes, does not affect the oscillations at all; and in the case of
greater amplitudes it affects them only so far as the value of p
depends upon it.

15. Applicability to Chemical Atomic Groups.

The distinction between two or more states of aggregation of
bodies, according as they consist of simple atoms, or of atomic
pairs, or of groups of more than two atoms, has acquired great
linportance in relation to chemistry. Now one, and now another
state of aggregation occurs; and in many chemical processes a
transition takes place from one to another; but the intermediate
states which occur in the case of such transition cannot exist
permanently, and those states of aggregation are consequently
completely separate from each other as permanent states.

Now it is obvious that the permanence of some atomic condi-
tions, which are distinguished as special states of aggregation,
and the want of permanence in all other atomic conditions, may
haveits cause in the laws of the reciprocal action of atoms—that
is, in the difference between the forces exerted upon each other
by atoms according to the different relations in wgich they may
stand towards each other. The cause of the permanence of
some atomic states and of the want of this permanencein others
has not hitherto been recognized in the laws of the reciprocal
action of atoms ; and it would doubtless be difficult to succeed
in discovering this cause in such laws of reciprocal action as it
has hitherto been attempted to establish and to assume for pon-
derable atoms.

The question consequently presents itself, whether the cause
of the permanence of certain atomic states may not perhaps be
found in such laws of mutual action as have here been esta-
blished and assumed for electrical particles. Hence the move-
ments of two electrical particles under the influence of the re-
ciprocal action assigned to them, which have been followed out
in the preceding sections, are of interest in connexion with this
point also, since in-them a cause has been really discovered upon
which the existence of such permanent states of aggregation
may be founded. And in relation to this it is to be specially

Phil. Mag. 8. 4. Vol. 43. No. 284. Feb. 1872. K



130 Prof. W. Weber on Electricity in relation to

observed that the same forces as those which determine the
states of aggregation of electricity formed by simple atoms aund
by atomic pairs, may possibly also determine similar states of
aggregation of ponderable bodies. For in the general distribution
of electricity it must be assumed that an atom of electricity
adheres to each ponderable atom. But if atoms of electricity
adhere firmly to ponderable atoms, nothing will be altered in the
relations of the electrical atoms except the masses which have to
be moved by the forces acting on the electrical atoms. But in
the preceding developments the masses are left undetermined,
and are simply denoted by e and ¢; while the electrical par-
ticles themselves, to which the masses € and € belong, are de-
termined, without a knowledge of the values € and €, by the
measurable quantities e and ef?' If now we take the yalues of €
and € so great as to include the masses of the ponderable atoms
adhering to the electrical atoms, all the results that have been
arrived at in reference first of all to electrical atums merely, may

also be applied to the ponderable atoms combined with the elec-
trical stoms. .

16. On the state of Aggregation and Oscillation of two dissimilar
Electrical Particles.
In the case of two dissimilar electrical particles, the same
equations hold good as in the case of two similar particles,
namely those of section 11; that is to say,

uw _ r—rofp  r+r, "o"o)
—_— o e—_ ] _— —_—e 2 Y
cc  r—p \ry r e /)’

' v=‘;_9'[”—7'o £+r+ro.aoao)_1]’

r—p \r, r e
dV_ ed [ro—p 3r—2p ag
7= o (1= ) ],

1.1 .
where p=2(; +3a g%; the only difference is, that when the

particles are dissimilar p has a negative value, because the pro-
duct e¢' is negative. Besides these equations we have also ar=agyr,
(since only such motions are considered as are made by two elec-
trical particles under the action of their own reciprocal action),
whence there follows, lastly, the equation

du _1pcc dV 4 To%%

i3 & T n

‘Hence it results that, as in the case of two similar elcctrical par-
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ticles, when r=r,,

dv ed

=_ % %o%o
dr — ro(ro—p) (1 +2

cc )’
du_1 cc (p “0"‘0) .
dt =~ 2rg—p\ry " " cc /)’
and that, when also ay=4 /' — gf (which has now a real value,
. To
. 1 1yed . .\ . .
since —p=—2 (E' + ?)E is positive for dissimilar particles),
du . .
a;—‘ =0; according to which, when r=r, and ao=\/— ‘2’—16.3,
the two particles in their rotation about each other remain always

at the same distance (=r,) apart, a case which with two similar
particles cannot occur at all.

It follows, however, further from the equation

Wb _T=To(P | TH70 %%
cc r—p (."o r c /)
or, when we put » for the constant ‘value — "_0"&“0, from the

following equation,

_r_';ﬁ.:.‘%‘_-:(é—l)- [n(;l;-f-'l—,)—l],

that besides the value r=r,, for which u=0 is given, there is

70 for which like-

. n
in general also another value of 7, namely o
—

wise u=0.
These two values of r, however, for which ¥=0, differ from
each other sometimes to a greater and sometimes to a smaller

extent, according to the value of n; and when n=%’ (that is to

say, when ay= \/ - ;ch), they coincide completely; and it is
)

only when the two values of 7 for which =0 coincide thus that
the previously mentioned case occurs, for which we have at the

same time »=0 and %:0; and consequently the two particles,

while revolving round each other, remain at the same distance.
In all other cases in which the velocity u=0 (as, for example,
when r=2n—z, where £<n) there is also a second value of r
—inthis case2n+ - for which also the velocity u=0. >
: K2
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has then a positive value for r=2n—z, but diminishes and be-
comes equal to nothing between r=2n—2z and r=2n+ ’:'f—z ;

ne du
n—a’ dt
dent from this that repulsion of the two particles takes place

so that, for r=2n+ has a negative value. It is evi-

from r=2n—z as far as the value of r for which TJ'"I‘ =0, and

attraction from this point as far as r=2n+ 1%, and conse-

quently that the two particles must always remain in oscillatory
motion relatively to each other within the indicated limits.

17. On Ampeére’s Molecular Currents.

The molecular state of aggregation of two dissimilar electrical
particles that has just been described, namely that in which the
distance of the two particles alternately increases and diminishes
between exactly defined limits and the path in which one particle
moves about the other becomes a circular orbit at the two limits,
is deserving of closer consideration, especially in those cases in
which it is admissible to regard one of the particles as being at
rest and the other particle as moving in a circle about the first.

The relation between the particles in respect of their partici-
pation in the motion depends upon the ratio of their masses e
and ¢€; and, according to section 15, the values of € and ¢ must
include the masses of the ponderable atoms adhering to the
electrical atoms. Let e be the positive electrical particle, and
et the negative particle be equal and opposite to it, and let it
therefore be denoted by —e (instead of by ¢). Now let a pon-
derable atom adhere to the latter only, whereby its mass is so
much increased that the mass of the positive particle becomes
negligible in comparison. The particle —e may then be re-
garded as being at rest, and the particle +e alone as being in
motion around the particle —e.

The two dissimilar particles, when in the molecular state of
aggregation that has been described, consequently represent an
Ampérian molecular current ; for it can be shown that they cor-
respond completely to the assumptions which Ampére made in
relation to the molecular currents.

* In order to show this, let us develope the expression for the
force which the moving particle e exerts upon any given element
of a current. Let ds’ denote the length of the given element of
current, 4 ¢ds’ the positive, and —¢/ds' the unegative electricity
which it contains; and, lastly, let u' denote the velocity of the
positive particle +€'ds’, and —u' the velocity of the negative
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particle —é/ds’.  Also, let » denote the distance of the element
of current from the particle e, u the velocity of the particle e,
z, y, z the coordinates of the particle e, 2/, ¥/, 2/ the coordinates
of the element of current, ® and ® the angles which the di-
rections of u and «' make with r, and € the angle between the
directions of u and ',
Next, let the general expression for the repelling force of two

electrical particles e and ¢ at the distance r, namely

ee 1— 1 a 2r ddr)

™ cc di*’ cc di? )
be transformed as follows (see Beer, Einleitung in die Elektro-
stalik, die Lehre vom Magnetisnus und die Electrodynamik,
S. 251) First, let the equation

rr={z—2)*+(@y—y)* + (2 —2)*

be differentiated with respect to the time t; we then get

dr_ dx ly
ra=—aNg— )+(-" y')(dt dr dt dt)
or also

r‘E =r(ucos @ —u' cos ®').

dt
By a second differentiation we get
drt ddr dz dz’) dy d_y dz g)’
ae tra =z ( Ha ~a@

o) (% d,g) - s/)(d,-" -

z’)(dt' - dtg

wherein
dz dy A AN
(I + o W + i ﬁ) =u?+u'*—2uv cos €.

If now the acceleratlon of the one particle, whose components

Z%r, ‘;:—?, %, be denoted by N, and the angle which its di-
rection makes with r by v, and in like manner the acceleration
ddx' ddy' ddz b

e de e Y

N/, and the angle which its direction makes with r by ¥/, we

obtain

z—2! (ddx t/-—y’ z—2 (ddz _ dd?
dr dt"‘ (dt’ TltT r \di¥ daf
=N cos y—N'cos v’.

of the other particle, whose components are
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The substitution of these values gives
2*‘ +2rd£—2(u’+u”-2uu’co ) + 2r(N cosv— N cos V)
Fr] 7 s€)+2r R

Bzr—-l:‘ =38 (u cos @ —u' cos ®)%,
The second equation subtracted from the first gives

- Z’% +2%=2(u’+u”—2uu’ cos €) —8 (u cos @ —1 cos @')?

+2r(N cos v—N' cos V),

whence the general expression for the repelling force of two elec-
trical particles e and ¢ at the distance r, namely

ee 1 drr 2d dr
-Gt n )
is obtained in the following transformed shape,
=% [ec + 2 (u®+ u'*—2uu' cos €) — 8 (u cos O —u cos 0)?
+2r(N cosv—N'cosv)].

By substituting for the particle ¢ the positive electricity in
the given element of current, namely +¢'ds, this expression
gives the repelling force

i‘e'_cfrsl[cc+2(u'+u"—2uu’ cos €) —3(u cos @ —u' cos &/)*
+2r(N cos y—N'cos V) ];

but by putting for the particle ¢ the negative electricity in the
given element of current, namely, —¢ds’, we obtain the repelling
force

gce%sl[—cc—2(u’+u”+2uu’ cos €) + 3(u cos @ + ' cos ©)*

—2r(N cos v+ N'cos V)],

since in this case e+, @'+, and V47 take the place of ¢,
@, and ¥; and these therefore give together the total repelling
force between the moving particle e and the whole element of
current, namely

dee'ds

cor

(But cos ® cos @ —2uu' cos e—rN' cos V).

The repelling force between the stationari particle —e and the
whole element of current, on the other hand, if r denotes the
distance of the stationary particle —e from the given element of
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current, is
4edds

cerr

since in this case u=0. But the difference between the value
given to r here and that assigned to it previously (namely the
distance from the particle +e, in motion about the particle —e,
to the given element of current), may be regarded as a negligible
fraction of r, so that we get, for the repelling force exerted by
the moving particle + e and stationary’particle — e together upon
the element of current, the expression

dedds

cerr

.7N'cos v/,

(8 cos ® cos & —2 cos €) . uw.

If we were to put in place of the moving electrical particle +e
a sccond element of current, the positive electricity of which,
moving with the velocity + 4u, was denoted by + eds, and whose
negative electricity, moving with the velocity — 4u, was denoted
by —eds, we should obtain for the mutual repelling force of the
two elements of current the value

_deds . dds

(3 cos ® cos @' —2 cos €). ui;
cerr

that is to say, the same expression as before, if the electrical
particle previously denoted by +e (and moving with the velo-
city u) were taken as equal to the positive electricity contained
in the second element of current, namely +eds (moving with
the velocity 4u).

It follows from this that the rotatory motion of the eleetrical
particle + e about the stationary particle —e replaces a circular
~ double current, if the positive electricity contained in the latter
is equal to +e and moves in its circular orbit with half the
velocity of the aforesaid electrical particle +e, and if also the
negative electricity contained in the current is equal to —e and
moves with the same velocity as the positive electricity but in
the opposite direction.

Hence it appears that an electrical particle 4-e moving in a
circle about the electrical particle —e exerts upon all galvanic
currents the same effects as those assumed by Ampére in the .
case of his molecular currents. :

The molecular currents assumed by Ampére, however, differ
essentially from all other galvanic currents in this respect, that,
according to Ampére’s assumption, they continue without elec-
tromotive force ; whereas all other galvanic currents, in accord-
ance with Ohm’s law, are proportional to the electromotive force,
and cease when the electromotive force vanishes. But it is evi-
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dent that the electrical particle + e, spoken of above, must of itself,
without electromotive force, continue indefinitely its rotatory
motion about the particle —e, and therefore must correspond
entirely with the molecular currents assumed by Ampére in this
respect also.

We accordingly obtain in this way, as a deduction from the
laws of the molecular state of aggregation of two dissimilar elec-
trical parlicles, developed in the preceding section, a simple con-
struction for the molecular.currents assumed by Ampére without
proof that their existence was possible.

18. Movements of two dissimilar Particles in Space under
the Action of an Electrical Segregating. Force (Scheidungskraft).

1f w4+ v denotes the angle which the direction of the electrical
segregating force makes with r, and a denotes the magnitude of
the relative acceleration of the two particles depending upon the
segregating force, —a.cosv and a.sinv are the components of
a,—the former expressing the part of the relative acceleration

%‘ which is dependent on the segregating force, and the latter

the part of % which depends on the same force, where « is the

difference of the velocities of the two particlesin a direction per-
pendicular to . It is presupposed that the direction of the se-
gregating force lies in the planein which the two particles rotate
about each other.

If now the first component, namely —a. cos v, as the part of

du which depends upon the segregating force, and also —,
dt du r
dt u
from the total acceleration d_t" the difference

(Z—;‘-l-a.cos v—a:—a)

denotes the part of the relative acceleration which results from
the force which the two particles e and ¢ exert upon each other,
namely

as the part of — which depends upon the velocity a, be deducted

(l 1)V _pee av.

e ' d)drT2e dr’

and hence the following equation is obtained :—
du
dt

_aa_pcc dv
ta.cosv r 2e dr

If we deduct the last component, namely a.sin v, as the part
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of the acceleratlon da which depends upon the segregating force,

from the total value d , the difference ‘—;— —asinv) gives that

part of the total acceleration — which results from tke existing

dt
motion under the sole influence of the forces exerted upon each other
by the two particles. But, under the sole influence of the attract-
ing or repelling forces exerted upon each other by the two par-
ticles; the element of surface ard?, described in a given element

of time df, would have a constant value, or we should have

a% +r%=0; hence the resulting part of the acceleration

— becomes
dt « dr

r dt

By equating this part with the above difference, we get the
equation P
a ar

éf-—asmv——— —
dt

rdt
Besides these, we have, as is self-evident, a third equation,
adt

© dy= —-
’

Accordingly, for the four variable magnitudesr, u, a, v, there
are the following three equations: —

aax _pec dV _ du

acoBY— — =Gt o= an - - e (1)

. d da

asmv—:‘—‘d—tr=ﬁ, P )]
adt

dv=T........(3)

Multiplying equation (1) by dr =udf, and equation (2) by
rdv=adl, we obtain

acosv.dr—ﬂd— g“;, l‘l:dr —udu, . . (4)
arsinv . dv--%r—ada B (1))

The difference of these two equations gives

a. d(rcosv)—-zci, 'fivdr ada—udu. . . (6)
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We also get from (2) and (3),

—2ar8.d (cosv)=da®?). . . . . (7)
The integration of the differential equation (6) gives, after mul-
tiplying by 2 and putting V== e (—— -1

2ar cosv= pTw(:-?u—l)—ua—uu+const.; . . (8)

and from this, since r=ry, a=ay and cosv=—1 when u=0,
comes .

—2ary=— E:f —agzg+ const. . . . (9)
Equation (9), subtracted from equation (8), gives
2ar cos v+ 2ar,= (B —l)uu+pcc(— - )—aa +aga,. (10)
By integrating the differential equation (7) we obtain, after divi-
ding by 3,

—2acosv= —+3 aadr

or, multiplying by r,

—2ar cosv=aa + 3r a:rdr, ... (1]

and hence, for the sum of (10) and (li),

aadr

2aro—(p - l)uu + pcc(l -1 +aga,+ 3r

and therefore
uu= —]— ( cc| z —l)+ + 3 wadr =2 ) 12
== P (7'0 ragag+ 3rr \ — = —2aryr ). (12)

From equation (3) there follows further, since dr=ud!,
« dr

do=-—; . . . .. ... (13
ur
and since, by equation (7),
i d(a%?)
(cosv) = — 2275

and by equation (11),
aat j‘ 9dr
cosv=—o(—

we get, by substituting these values 10 the identical equation
. _ d(cosv)
do=— V(1 —cosv¥)’
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according to equation (13),

d(a%?)
2ar3

TV LC )

and from this and equation (12),

w=(iin) * (1= (5 +3{ )
=_L r—ro

= (e trta=2amy + ot (5, (10

or the following equation for the two variables r and « :—

4= (— + 3f“9dr

4 d( ar)) ( -7 pc’ + al—2ar, +3l dr) (15)
r— 14 r

If we now confine ourselves to small values of a, for which ar
is not, indeed, constant, as it is for =0, according to section 11,
but for which it differs only little from a constant value ayr,=n,
.we may put

S| &

RIR

atdr

ar=n(l+¢, . . . . . . . (16)

where ¢ has always a very small value. It then follows from
this that

2 2
Z=(1429%, . . . . - . . (7)

d(ar) _ de
dr =n i (18)
Further, by (11) and (17),
de

7_§=_ n—qcosv,

* If the segregating force a vanish, «r must, according to section 11,
assume a constant value. But for a constant value of «r and for a=0
equation (15) reduces itself to

aldr |

and this, divided by the constant value «%r?, gives the identical equation

in accordance with section 11,
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or

de= g,r"sinvdu; B )]
from (18) and (19),

dlar) _a 4 . dv

T—;r’mnv.;, e e e e (20)
and from (17) and (19),

a® n* 2 .

=3+ Beinvdv. . . . . . (1)

2
d‘(;r) and a; given by (20)

and (21) in the following equation resulting from (11) and (15),
namely

If we now substitute the values of

a® sin v*

_ 1 (d(ar) 8 (r—ro_pc? .
T r—p dr ro 1°
we obtain, by again putting for n its value agro, the following
equation between » and v, namely

} -
a3 —2ar,

ot
-5 —2acosv),(22)

a:_r’g dr _r—r, P r+r°.a£

M d® T r—p \ 1y r &
2a 3 *
_(7;—’))—63(7'07'+ ;j'r*eosvdr) .. (28)

By differentiating this equation, after multiplying it by (r— p),
we obtain :

d ajrs dr*\ _pr al p, al
E"((T—P)r_ao_cT.'d?)—_r; +(r+ro)(?: +(r'—ro)(".—o+;—:")
——25;5(2ror+3r’cosv).

dr

* From the above equation, since :—"u may be substituted for o e

obtain

S 2T (R ) k),

which, when the segregating force a vanishes, and therefore, according to
section 11, ar=a,r, passes over into the equation

g = T_—Q (g T_+_T_o . u_",)—
cc  r—p \r, r o

that is to say, into the same equation that was arrived at already for this
case in section 11.
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If we here put, to consider a special case,
2
p=—2o (@ ary
(that is to say, the case in which, for a=0, the two particles re-
main, according to section 16, at the same distance during their

rotation), we obtain

d adr? drt R(r—r, 6ar
F(e=p 22 2 =— 2Ot ) — Xyt reo),

r3c®
which becomes =0, first, when u=0 and consequently r=r,,
a=ay,, and cos v= —1, and, secondly, when

__3Bar(ry+rcosv)

To—T
o )
a, +ar,

L

a case which occurs for small values of a, if cosv= 41 and so

Bar?

0 .
el approximately.

Hence it follows that, just as, according to section 16, one of
two dissimilar electrical particles, for which p= —2r, “%:9, could

move round the other in a circular orbit when not acted on by
segregating force, so also when two dissimilar electrical particles,

for which p= —2r, (%+ aro), are acted on by a segregating

Jorce (=a), one of them can revolve about the other in a closed
orbit, though the orbit is not circular. The distance between
the particles varies, in fact, according as the moving particle lies
before or behind the central particle considered relatively to the
direction of the segregating force, being in the latter case =7,

and in the former case =ro—6£@ a.

0

Such an eccentrical position of the one particle in the plane
of the orbit described (under the influence of a segregating
force) by the other particle about this one, may be compared to
the separation of electric fluids at rest under the influence of a
similar segregating force ; but the remarkable difference presents
itself that the separation takes place in opposite directions in
the two cases.

It follows from this, that in all conductors that have been
charged in the usual way under the influence of a force of
electrical segregation, the electricity cannot be contained only in
the state of aggregation corresponding to Ampeére’s molecular
currents, since in that case the resulting segregation would take
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place in the opposite direction to that which actually does occur.
But even if all the electricity in such a conductor existed in the
form of Ampeérian molecular currents before the action of the
segregating force began, there must have been amongst these
molecular currents some which could not persist under the
action of the segregating force (one particle continuing to re-
volve in a closed orbit round the other), and were accordingly
broken up, the two particles separating more and more from
each other until they arrived at the boundary of the conductor.
Under the influence of the force of segregation, the positive and
negative particles of the broken molecular currents could remain
at rest only when distributed in a particular way on the surface
of the conductor; but when the force of segregation ceased to
act, they would enter into motion again until they had again
united themselves two by two into Ampérian molecular currents.

19. Electrical Currents in Conductors.

If all the electricity in conductors were contained in them
(before a segregating force began to act) in the state of aggrega-
tion corresponding to Amperian molecular currents, which,
however, were incapable of persisting under the action of a
segregating force, but were broken up, so that the two dissimilar
electrical particles, which were revolving about each other,
separated further and further from each other, until their paths
finally approached asymptotically the direction of the segregating
force, dissimilar electrical particles derived from different
molecular currents would encounter each other before they could
reach the boundaries of the conductor, and would form with
each other new molecular currents. These newly formed mo-
lecular currents would then in their turn be broken up, and the
particles constituting them would again separate further and
further from each other in paths asymptotically approaching the
direction of the segregating force, and so on.

Thus there would arise a current of electricity in the conduc-
tor in the direction of the segregating force. 1f the conductor
had the shape of a uniform ring, and if the segregating force
had the same intensity in every separate element of length of
the ring and acted in the direction of the element, a constant
circular current would be produced in the ring, and the laws of
motion of electrical particles under the action of a force of
electrical segregation, developed in the previous section, would
form the basis of the theory of these constant electrical currents
in closed conductors. :

Here it is evident that, during the existence of this current,
work would be done by each particle, since it moves forward
under the action of the segregating force in the direction of this
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force. And since all the other forces which act upon such such
a particle in a conductor must together balance each other, this
work will make its appearance as an equivalent increase of the
vis viva of the particle ; whence it follows that the vis viva of all
the Ampérian molecular currents contained in the conductor
must, while the current traverses the conductor, increase ; that
i8 to say, the square of the velocity with which the particles in
the Ampérian molecular current revolve about one another
must increase proportionally to the force of segregation (electro-
motive force), and proportionally to the distance through which
this force acts in its own direction (or tothe strength of the current).
If the ratio of the electromotive force to the strength of the cur-
rent be called resistance, we may say instead of the above that the
vis viva of all the molecular currents contained in the conductor
increases, during the passage of the current, proportionally to
the resistance, and proportionally to the square of the strength of
the currend. o

This increase of kinetic energy of the electrical particles con-
tained in a conductor while a current traverses it, follows there-
fore as a necessary consequence of the action of the electromotive
force upon the particles, while these particles, as the result of the
current, move onward in the direction of this force. -

This theoretical conclusion receives, not indeed a direct,
but an indirect confirmation from experiment, inasmuch as an
increase of thermal energy is observed in the conductor while a
current traverses it. And this observed increase of the thermal
energy in the conductor is equal to the calculated increase of the
kinetic energy of the electrical particles in the Ampérian molecu-
lar currents of the conductor.

Now the thermal energy of a body is a kinetic energy re-
sulting from movements in the interior of the body, which are
therefore inaccessible to direct observation. In like manner, the
kinetic energy belonging to the electrical particles in the Am-
perian molecular currents in a conductor is a kinetic energy
which results from movements taking place in the interior of the
conductor, and therefore inaccessible to direct observation.

But notwithstanding this agreement, the thermal energy of a
body and this kinetic energy of the electrical particles in the
Amperian currents contained in the same body might possibly
be altogether different as to their essential nature. For it is
possible that the thermal energy might be energy resulting from
the motion of quite other particles than those of electricity, and
the motion of these other particles might be of quite a different,
kind from those of the particles in Ampérian currents,

In order to explain the identity of the increase of the energy
of the Ampérian molecular currents, as determined above, with
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the increase of thermal energy found by observation, it would
then be absolutely necessary, according to the principle of the
conservation of energy, that a transference should take place of
the kinetic energy of the electrical particles in the Ampérian
currents to the other particles whose motion constitutes heat.
And indeed it would be needful that all the kinetic energy pro-
duced by the current in the electrical particles of the Amperian
currents should be completely transferred to these other particles
at each instant.

But apart from the consideration that it is impossible to con-
ceive how such a complete transference could take place, it
is self-evident that any even partial transference of the kinetic
energy of Ampérian molecular currents to other particles is con-
tradictory of the permanence which belongs to the essential
nature of Ampeérian currents. If such a transference of kinetic
energy from electrical particles in molecular currents to other
particles were really to occur, it would simply prove that the
molecular currents formed by these particles were not Ampérian
molecular currents, since they would not possess the permanence
wherein the essence of Ampérian molecular currents consists.

Hence it follows as a consequence that, if in conductors all the
electrical particles exist in the state of aggregation correspond-
ing to Ampérian molecular currents, the observed increase in
the thermal energy of a conductor, during the passage of a
current through it, must result immediately from the increase of
the kinetic energy of the electrical particles constituting the
Ampérian currents ; that is to say, the thermal energy imparted
to the conductor by the current must be kinetic energy due to
motions in the interior of the conductor, snd must in fact consist
in an increase in the strength of the Ampérian currents formed by
the electrical particles in the conductor.

Reference may also be made, in connexion with the identity of
thermal energy and the kinetic energy of Ampérian molecular
currents, to what is said respecting * the Transtormation of the
work of the current into Heat,” in the 10th volume of the
Abhandlungen der K. Ges. d. Wiss. zu Gottingen (1862), in the
33rd section of the memoir entitled “ Zur Galvanometrie.”’

20. On Thermomagnetism.

The following remark readily connects itself with the hypothe-
sis of the previous section, that the electricity in conductors
exists in the state of aggregation corresponding to Ampérian
molecular currents—and with the consequent identity of the
thermal energy of the conductor and the kinetic emergy of the
Amperian currents in the conductor—namely, that equality of
temperature in two conductors must depend upon certain rela-
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tions between the strength and character of the Amperian
currents in the two conductors, but that, along with the relation
nceded for this equality of temperature, the following difference
may exist between the currents of the two conductors, namely : —
that greater masses of electricity may move with smaller velo-
city in the Ampérian currents of the one conductor, and smaller
masses of electricity with greater velocity in those of the other
conductor.

Let now a ring be conceived, formed of two such dissimilar
conductors, through which a constant current passes, so that in
the same time an equal quantity of electricity passes through
every section of the ring; then it is evident that equal quantities
of electricity must also traverse the two sections which bound
the first layer of the second conductor. But the electricity which
traverses the first section comes from the first conductor, in the
molecular currents of which large masses of electricity move
with small velocity. Hence, in consequence of this smaller
velocity, this electricity which penetrates into the first layer of
the second conductor possesses less vis viva. The electricity which
passes through the second section comes from the above-men-
tioned first layer of the second conductor itself, where a smaller
mass of electricity moves in the Ampérian currents with a
greater velocity, and therefore it possesses, in consequence of
this greater velocity, a greater vis viva. It follows from this,
that, as a consequence of the current, this first layer of the
second conductor gives up more vis viva to the following layer
of the second conductor than it receives from the last layer of
the first conductor. Consequently a diminution takes place in
the kinetic energy of the Amperian currents of this layer, or, in
other words, a diminution of the thermal energy or temperature.

The opposite condition is found on considering the two
scctions which bound the first layer of the first conductor. The
electricity which passes through the first scction into this layer
comes out of the end of the second conductor with a greater
velocity ; and that which passes out of this layer through the
second section, leaves this section with a smaller velocity ; whence
it follows that, as a consequence of the current, the first layer of
the first conductor gives up lcss vis viva to the following layer of
the same conductor than it receives from the last layer of the
sccond conductor ; and thus an increase takes place in the kinetic
energy of the Ampérian currents of this layer, or, in other
words, an increase of the thermal energy or temperature.

It will be seen that a foundation is here presented for the
doctrine of thermomagnetism, and in particular for Pelticr’s fun-
damental experiment, although it would lead us too far to pursue
it further here.

Phil, Mag. S. 4. Vol. 43, No, 284, Feb. 1872. L
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It may suffice merely to add here a similar remark in relation
to Seebeck’s fundamental thermomagnetic experiment. In abody
which possesses the same temperature in all its parts, the heat is
supposed to be in a state of mobile equilibrium ; or we speak, with
Fourier, of a reciprocal radiation of the particles of the body,
by virtue of which each particle parts with just as much heat to
the eurrounding particles as it receives from them. Now, if
heat consists in Amperian molecular currents, which, however,
are broken up by the positive and negative particles separating
from each other until they encounter other particles, with which
they form new molecular currents, equilibrium of temperature
must consist in this, that the vis viva of the electrical particles
which leave any part of the body is equal to the ris viva of the
electrical particles which enter this part of the body. ’

Let us now consider the surface of contact of two conductors
which differ from each other only by greater masses of electricity
moving with smaller velocity in the Ampérian currents of one,
and smaller masses moving with greater velocity in those of the
other. Then, when both the conductors are at the same tempe-
rature, the vis viva of the electrical particles which pass from the
first conductor into the second must be equal to the tvis viva
of the electrical particles that pass from the second conductor
into the first ; but the mass of the electrical particles which pass
from the first conductor into the second would be greater than
the mass of the electrical particles which pass out of the second
conductor into the first. But from this (if the electricity which
passes over is always positive, while the negative electricit
remains behind in the conductor, to the particles of which it
adheres) there would result a difference of electrical charge on the
two sides of the surface of contact ; that is to say, there would
result an electromotive force at this surface of contact ; for the
electromotive force of a surface of contact is a force whereby a
difference of electrical charge is produced at the two sides of
the surface of contact.

_If now the two conductors are of such a mnature that this
difference of charge at the two sides of their surface of contact is
not always the same, but is greater or less according to variations
of temperature, there would follow the production of a current
1n a ring formed of these two conductors, if different tempera-
tures were to exist at the two surfaces of contact of the cone
ductors.

21. Helmholtz on the contradiction between the Law of Electrical
Force and the Law of the Conservation of Furce.

In his memoir, “Ueber die Bewegungsgleichungen der

E'lektlecltiit fir ruhende leitende Korper,” in the Journal fiir

die reine und angewandte Mathematik (vol, lxxii, pp. 7 and 8),
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Helmholts deduces from the law of electrical force the equation
of motion of two electrical particles for motions in the direction
of the distance r of the two particles, namely

ed
1.4 75
cc d® &mcc-g

. o~_ed o 2e .
or, putting C—70 and e the equation

_1 ‘ﬁ_"_’o P
ccdf r—p 1y’

that is to say, the same equation as was arrived at in section 9,
2

1£ %€ > ymee > C—that is, it ©>1 > P, we have " positive and
r r 7o st

greater than cc, and %:- is therefore real. If the latter is also

positive, 7 will increase until g;il =3mcc, that is till r=p,and then

:_‘r_ becomes infinitely great.
The same will happen if, to begin with, C >}mece >€;’; that isy

it £51>P, and & ; i
if r, - and 7 18 negative.

These consequences are, according to Helmholtz, in contrae
diction with the law of the conservation of force.

Now it may be remarked hereupon, in the first place, that
two electrical particles are here assumed which begin to move
with a finite velocity certainly, but one which is greater than
the velocity c—greater, that is, than 439450, 108 m——-——:l::::;re
The case of two bodies moving relatively to each other with such _
a velocity is nowhere recognizable in nature. In all practical

dr®
cases we are accustomed rather to treat clc JiF 8 & very small

fraction ; and this deserves notice.

For, according to Helmholtz (loc. cit. p. 7), a law is in con-
tradiction with the law of the conservation of force if two pars
ticles, moving in accordance with it and beginning with a jfinite
velocity, attain, within a finite distance of each other, infinite vis
viva, and so are able to do an infinitely great amount of work.

The principle seems to be here announced that, according to
the law of the conservation of force, two particles cannot, under
any circumstances, possess inf}niée vis viva,

1
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For the above assertion may evidently be inverted, and we
may say a law is in contradiction with the law of the conser-
vation of force, if two particles, moving in accordance with it
and beginning with infinite velocity, attain, at a finite distance
from each other, finite vis viva, and thus suffer an infinitely
great diminution of the work which they are able to perform.

The two particles must therefore always retain an infinite
velocity ; for if they have not lost it in any finite distance, how-
ever great, they would, in accordance with the nature of potential,
never lose it even at greater distances. But bodies which
always move relatively to each other with an infinite velocity are
excluded from the region of our inquiries.

But if two particles never possess more than finite vis viva,
there must be a finite limiting value of vis viva which they
never exceed. It is consequently possible that this limiting

value for two electrical particles e and ¢ may be =£{'; that is,

that the square of the velocity, with which the two particles

move relatively to each other, may not exceed cc.

.. The contradiction urged by Helmholtz would, according to

this, lie not in the law, but in his assumption, according to

which the two particles began to move with a velocity the square
2

of which, namely fl_:” was >cc,

If such a determination of the limiting value of vis viva is
assumed in connexion with the law of the conservation of force
according to Helmholtz, it may equally well be assumed in
connexion with the fundamental law of electrical action (see
section 4); that is, the work denoted there by U, as well as the

vis viva denoted by z (in the law U +z=%e'), may both be re-

garded as being by their nature positive quantities.
In the second place, it may be remarked that, though the
two electrical particles do attain infinite vis viva at a finite

distance from each other, this finite distance is p=2cL:'(%+§,),

which, according to our measures, is an undefinable small distance,
for the same reasons that the electrical masses € and € are them-
sclves undefinable according to our measures. This distance
was consequently denominated in section 9 a molecular distance.

The theory of molecular motions requires in any case a special
development, which as yet is wanting throughout. But as long
as such a theory remains excluded from mechanical investigations,
any doubts as to physical admissibility in relation to molecular
motions are without foundation.
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"It may be remarked, in the third place, that the same objec-
tion, namely that two particles, which begin with finite velocity,
attain infinite vis viva at a finite distance from each other, applics
also to the law of gravitation, if it is assumed that the masses
of ponderable particles are concentrated in points. But if this
objection is got rid of, in the case of the law of gravitation, by
assuming that the masses even of the smallest particles occupy
space, we must make the same assumption in relation to elec-
trical particles, in which case it results that only a vanishingly
small part of such a particle arrives at a given instant at the
distance p; another vanishingly small part, which arrived at
the distance p at the previous instant, will have exchanged its
infinitely great velocity of approach for an infinitely great velocity
of separation. But if these vanishing parts of the smallest par-
ticles are solidly connected together, there cannot be any
question of such infinite velocities at all.

Even cosmical masses may begin their movements under
physically admissible conditions, and, by continuing to move
according to the law of gravitation, may come into physically
inadmissible conditions, which can be avoided only through the
cooperation of molecular forces confined to molecular distances.
The disregard of this cooperation is, strictly speaking, only
temporarily allowable, namely so long as the conditions are
such that its influence is either nothing or may be regarded as
vanishingly small. But just as little as an objection to the law
of gravitation is derived from this fact, ought any objection to
the fundamental law of electrical action to be derived from the
physically - inadmissible conditions to which, according to
Helmbholtz, this law leads, when it is considered that these in-
admissible conditions are connected only with certain molecular
distances.

XVI. Notices respecting New Books.

Theory of Heat. ByJ.Crerk MaxweLrr, M.4., F.R.S., Professor
of Exzperimental Physics in the University of Cambridge. London :
Longmane, Green, and Co. 1871. (Pp. 312.)

THE subject of this work is correctly indicated by its title; it isa
treatise on the Theory of Heat; its writer’s aim having been to
state and enforce the general propositions that have been established
regarding the nature and effects of heat, rather than to discuss the
particular facts which are summed up in those propositions. It
must not be supposed, however, that no notice is taken of the expe-
riments which form the basis of our knowledge of Heat ; on the con-
trary, they are described, where necessary, at sufficient length to
bring out the principles involved in tkem; but they are described



