
THE

LONDON, EDINBURGH, and DUBLIN

PHILOSOPHICAL MAGAZINE

A N D

JOURNAL OF SCIENCE.

CoNDUCTED BY

SIR ROBERT KANE, LL.D. F.R.S. M.R.I.A.F.C.S.

SIR WILLIAM THOMSON, KNT. LL.D. F.R.S. &c.

.AND

WILLIAM FRANCIS, Ph.D. F.L.S. F.R.A.S. F.C.S.

“Nec aranearum sane textus ideo melior quia ex se fila gigmunt, nec noster

vilior quia ex alienis libamus ut apes.” Just. Lips. Polit. lib. i. cap. 1. Not.

WOL. XLIII.-FOURTH SERIES.

JANUARY-JUNE 1872.

******
-**

º

*

/*

( J.ibrary.

L O N DO N. \sg Gºre

TAYLOR AND FRANCIS, RED LION COURT, FLEET STREET,

Printers and Publishers to the University of London :

sold by LoNGMANs, GREEN, READER, AND DYER; KENT AND Co.; sixipkIN, MARsiiALL,

AND co.; AND willTTAKER AND Co.;-AND BY ADAM AND chARLEs BLAek,

AND TitoMAs Clark, EDINBURGii; smitii AND son, GLAsgow:—

IIoDGE8, Fosteſt, AND co, DUBLIN:—putxAM, NEw

YORK :-AND ASHER AND Co., BERLIN.



“Meditationis est perscrutari occulta; contemplationis est admirari

perspicua . . . . . Admiratio generat quaestionem, quaestio investigationem,

investigatio inventionem.”—Hugo de S. Victore.

—“Cur spirent venti, cur terra dehiscat,

Cur mare turgescat, pelago curtantus amaror,

Cur caput obscura Phoebus ferrugine condat,

Quid toties diros cogat flagrare cometas;

Quid pariat nubes, veniant cur fulmina coelo,

Quo micet igne Iris, superos quis conciat orbes

Tam vario motu.”

J. B. Pinelli ad Mazonium.



CONTENTS OF WOL. XLIII.

(FOURTH SERIES.)

NUMBER CCLXXXIII.-JANUARY 1872.

Prof. W. Weber on Electrodynamic Measurements.-Sixth

Memoir, relating specially to the Principle of the Conserva

tion of Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The Rev. T. K Abbott on the Theory of the Tides.... . . . . .

Prof. Challis on the Mathematical Theory of Atmospheric Tides.

Mr. J. E. H. Gordon's description of a new Anemometer for

Indicating and Registering the Force and Direction of the

Wind at any distance from the Vane, &c. (With a Plate.).

Canon Moseley on the Mechanical Impossibility of the Descent

of Glaciers by their Weight only . . . . . . . . . . . . . . . . . . . . . .

M. F. Zöllner on the Spectroscopic Observation of the Rota

tion of the Sun, and a new Reversion-Spectroscope . . . . . .

Prof. Challis on the Solutions of Three Problems in the Calculus

of Variations, in reply to Mr. Todhunter . . . . . . . . . . . . . . . .

Proceedings of the Royal Society:—

Mr. G. Gore on the Thermo-electric Action of Metals and

Liquids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Proceedings of the Geological Society:—

Prof. P. M. Duncan on the persistence of Caryophyllia

cylindracea, Reuss, in the Coral-fauna of the Deep Sea.

Mr. J. W. Hulke on an Ichthyosaurus from Dorset ....

Mr. J. W. Hulke on a Fragment of a Teleosaurian Snout

On an Explosion of the Sun, by C. A. Young . . . . . . . . . . . .

On the Transverse Vibrations of Wires and Thin Plates, by

M. E. Gripon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

On a new Phenomenon of Phosphorescence produced by Fric

tional Electricity, by M. Alvergniat . . . . . . . . . . . . . . . . . .

NUMBER cCLXxxiv.–FEBRUARY.

M. E. Edlund on the Electromotive Force in the Contact of

Metals, and on the Modification of that Force by Heat . . . .

Mr. R. Moon on a Simple Case of Resonance . . . . . . . . . . . . . .

Mr. E. V. Neale on Glacier-motion . . . . . . . . . . . . . . . . . . . . . .

Prof. Clausius's Contribution to the History of the Mechanical

Theory of Heat . . . . . . . - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Mr. H. Wilde on the Influence of Gas- and Water-pipes in de

termining the Direction of a Discharge of Lightning ......

Page

Sl

99

104

l O6

115



iv CONTENTS OF WOL. XLI iſ.-FOURTH SERIES,

Prof. W. Weber's Electrodynamic Measurements . . . . . . . . . .

Notices respecting New Books:–

Mr. J. C. Maxwell's Theory of Heat . . . . . . . . . . . . . . . .

Mr. C. L. Prince's Observations upon the Climate of Uck

field in the Weald of Sussex. . . . . . . . . . . . . . • . . . . .

Proceedings of the Royal Society:—

Prof. Hornstein on a Periodic Change of the Elements of

the Force of Terrestrial Magnetism . . . . . . . . . . . . . . . .

The Astronomer Royal's Corrections to the Computed

Lengths of Waves of Light published in the Philosophical

Transactions of the year 1868 . . . . . . . . . . . . . . . . . . . .

Mr. J. E. Stone's Experimental Determination of the We

locity of Sound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Proceedings of the Geological Society:—

Mr. W. Carruthers on some supposed Wegetable Fossils..

Mr. A. H. Green on the Geology of part of Donegal . . . .

Mr. T. Login on the most recent Geological Changes of

the Rivers and Plains of Northern India . . . . . . . . . . . .

On the Spectrum of Hydrogen at Low Pressure, by G. M.

Seabroke, Esq. . . . . . . . . . . . . . . . . . . . . . . . . . . - - - - - - - - - -

On the Disengagement of Heat when Caoutchouc is stretched,

by Professor E. Villari ............................ . .

o,Actual Energy, by W. J. Macquorn Rankine, LL.D., F.R.S.

& B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

NUMBER CCLXXXV.-MARCH.

Prof. M. B. Pell on the Constitution of Matter . . . . . . . . . . . .

Mr. G. K.Winter on Testing the Metal-resistance of Telegraph

wires or Cables influenced by Earth-currents. (With a Plate.)

Mr. G. K. Winter's Observations on the Corona seen during the

Eclipse of December 11th and 12th, 1871. (With a Plate.)

Mr. J. W. L. Glaisher's Remarks on certain portions of La

place's Proof of the Method of Least Squares ..........

Mr. R. Moon on Resonance, and on the Circumstances under

which Change of Phase accompanies Reflection . . . . . . . . .

Mr. C. Tomlinson on the Action of Nuclei in separating Gas or

Vapour from its Supersaturated Solution . . . . . . . . . . . . - - -

Mr. D. Vaughan on the Origin of Malaria . . . . . . . . . . . . . . . .

M. E. Edlund's Researches on the Electromotive Force in the

Contact of Metals, and on the Modification of that Force

by Heat . . . . . . . . . . . . . . . . . . . . . . . . . . . . ... • - - - - - - - - - - - -

Notices respecting New Books:–

Mr. I. Todhunter's Researches on the Calculus of Variations

Mr. C. W. Merrifield's Technical Arithmetic and Mensura

151

152

153

154

154

155

155

157

160

161

186

191

194

. 201

. 205

209

213

224



CONTENTS OF WOL, XL111,-FUURTH SERIES. V

Proceedings of the Royal Society:—

Prof. J. Thomson on the Abrupt Change at Boiling or

Condensing in reference to the Continuity of the Fluid

State of Matter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

Proceedings of the Geological Society:—

Mr. D. Forbes on the remarkable masses of native iron

found on the coast of Greenland . . . . . . . . . . . . . . . . . . 234

Dr. J. Shaw on the Geology of the Diamond-fields of

South Africa. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

Mr. G. W. Stow on the Diamond-gravels of the Vaal

River, South Africa . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

Prof. T. R. Jones on some Fossils from the Devonian

Rocks of the Witzenberg Flats, Cape Colony ........ 236

Dr. A. Rattray on the Geology of Fernando Noronha.... 236

Mr. J. W. Hulke on some Ichthyosaurian remains from

Kimmeridge Bay, Dorset . . . . . . . . . . . . . . . . . . . . . . . . 236

Mr. J. Prestwich on the presence of a raised beach on

Portsdown Hill, near Portsmouth, and on the occurrence

of a Flint Implement at Downton. . . . . . . . . . . . . . . . . . 237

Mr. H. Hicks on some undescribed Fossils from the “Me

nevian Group of Wales' . . . . . . . . . . . . . . . . . . . . . . . . 237

On Signals observed in a Wire joining the Earth-plates in the

Neighbourhood of a third Earth-plate used for a Telegraphic

Circuit,by G.K.Winter, Telegraph Engineer, MadrasRailway. 238

On a remarkable Fault in the New Red Sandstone of Whiston,

Cheshire, by Professor Edward Hull, F.R.S. . . . . . . . . . . . .

Displacement of the Spectral Lines by the Action of the Tempe

rature of the Prism, by M. Blaserna . . . . . . . . . . . . . . . . . . 239

On Coloured Gelatine Plates as Objects for the Spectroscope, by

E. Lommel . . . . . . . . . . . . . - - - - - - - - - - - - - - - - - - - - - - - - - 240

239

NUMBER CCLXXXVI.-APRIL.

Mr. C. R.A. Wright on the Relations between the Atomic Hypo

thesis and the Condensed Symbolic Expressions of Chemical

Facts and Changes known as Dissected(Structural) Formulae. 241

M. E. Edlund's Researches on the Electromotive Force in the

Contact of Metals, and on the Modification of that Force

by Heat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

Dr. A. M. Mayer's Accustical Experiments showing that the

Translation of a Vibrating Body causes it to give a Wave

length differing from that produced by the same Vibrating

Body when stationary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

M. S. Lamansky on the Heat-Spectrum of the Sun and the

Lime-Light . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

Prof. Challis on the Theory of the Aberration of Light ...... 289

M. O. E. Meyer on the Anomalous Dispersion of Light...... 295

Sir James Cockle on Hyperdistributives . . . . . . . . . . . . . . . . . . 300



vi CONTENTS OF WOL. XLIII.-FOURTH SERIES.

- Page

Notices respecting New Books:–

Monthly Notices of the Royal Astronomical Society .... 305

Observations of Comets from B.c. 611 to A.D. 1640. Ex

tracted from the Chinese Annals by John Williams.... 305

Weather Charts issued daily by the Meteorological Office. 306

Mr. B. Williamson's Elementary Treatise on the Differen

tial Calculus, containing the Theory of Plane Curves .. 307

Mr.W. Ogilby's New Theory of the Figure of the Earth,

considered as a Solid of Revolution . . . . . . . . . . . . . ... 308

Proceedings of the Royal Society:— -

The Astronomer Royal on a supposed Alteration in the

amount of Astronomical Aberration of Light, produced

by the passage of Light through a considerable thickness

of Refracting Medium ... . . . . . . . . . . . . . . . . . . . . . . . 310

Proceedings of the Geological Society:—

Prof. A. E. Nordenskjöld on the Greenland Meteorites .. 31.4

Mr. H. Woodward on the Relationship of the Limulidae

(Xiphosura) to the Eurypterida and to the Trilobita ... 314

Prof. O. Heer on Cyclostigma, Lepidodendron, and Knorria

from Kiltorkan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315

Mr. G. Maw on the Geology of the Plain of Marocco, and

the Great Atlas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315

An Experiment in reference to the question as to Vapour-vesicles,

by T. Plateau . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316

On the Absorption-spectra of Chlorine and Chloride of Iodine, by

D. Gernez . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3] S

On the Mean Motions of Jupiter, Saturn, Uranus, and Neptune,

by Professor Daniel Kirkwood . . . . . . . . . . . . . . . . . . . . . . . . 320

NUMBER CCLXXXVII.-MAY.

The Hon. J. W. Strutt on the Reflection and Refraction of

Light by intensely Opaque Matter . . . . . . . . . . . . . . . . . . . . 321

Prof. P. G. Tait's Reply to Professor Clausius ............ 338

M. C. Szily on Hamilton's Principle and the Second Proposition

of the Mechanical Theory of Heat . . . . . . . . . . . . . . . . . . . . 339

Prof. C. A. Young on Recurrent Vision . . . . . . . . . . . . . . . . . . 343

M. F. Zöllner on the Origin of the Earth's Magnetism, and the

Magnetic Relations of the Heavenly Bodies. . . . . . . . . . . . . . 345

Prof. A. Cayley on a Bicyclic Chuck . . . . . . . . . . . . . . . . . . . . 365

Dr. H. Emsmann on a Collector for Frictional Electrical Ma

chines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 368

M. G. Quincke on Electrolysis, and the Passage of Electricity

through Liquids. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 369

Notices respecting New Books:—

Mr. P. Frost's Elementary Treatise on Curve-Tracing ... 376

Mr. J. B. Smith's Arithmetic in Theory and Practice. . . . 377

Mr. J. Harris's Kuklos, an Experimental Investigation into

the Relationship of certain Lines..... . . . . . . . . . . . . . . 379



CONTENTS OF WOL, XLIII.-FOURTH SERIES. vii

Page

Proceedings of the Royal Society:—

Dr. W. Huggins on the Spectrum of Encke's Comet .... 380

Mr. G. Gore on Fluoride of Silver . . . . . . . . . . . . . . . . . . 382

Messrs. De La Rue, B. Stewart, and B. Loewy on some

recent Researches in Solar Physics, and a law regulating

the time of duration of the Sun-spot Period ... . . . . . 385

Dr. W. Huggins on the Telescopic Appearance of Encke's

Comet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 390

Mr. D. M'Farlane's Experiments made to determine Sur

face-conductivity for Heat in Absolute Measure . . . . . . 392

On Calculating-machines, by Thomas T. P. Bruce Warren .. 396

On a new method of Measuring the Velocity of Rotation, by

Professor A. E. Dolbear .................. - - - - - - - - - - 398

On a remarkable fact observed on the Contact of certain Liquids

of different superficial Tensions, by G. Van der Mensbrugghe 399

NUMBER CCLXXXVIII.-JUNE.

Prof. Challis on the Hydrodynamical Theory of Magnetism .. 401

Mr. S. Sharpe on the Moon seen by the naked Eye . . . . . . . . 427

Mr. R. W. Atkinson's Examination of the recent attack upon

the Atomic Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 428

Mr. J. W. L. Glaisher on the Relations between the particular

Integrals in Cayley's solution of Riccati's Equation. . . . . . . . 433

Mr. R. Moon on the Mode in which Stringed Instruments give

rise to Sonorous Undulations in the surrounding Atmosphere. 439

Prof. R. Clausius on the Objections raised by Mr. Tait against

his Treatment of the Mechanical Theory of Heat ........ 443

M. F. Zöllner on the Origin of the Earth's Magnetism, and

the Magnetic Relations of the Heavenly Bodies........... 446

Notices respecting New Books:—

Mr. J. H. Jellett's Treatise on the Theory of Friction ... 469

Proceedings of the Royal Society:—

The Astronomer Royal's Experiments on the Directive

Power of large Steel Magnets, of Bars of Magnetized Soft

Iron, and of Galvanic Coils, in their action on external

small Magnets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 472

M. B. M. Jules Raynaud on a mode of Measuring the

Internal Resistance of a Multiple Battery by adjusting

the Galvanometer to Zero........... - - - - - - - - - - - - -

On the Absorption-spectra of the Vapours of Selenium, Proto

chloride and Bromide of Selenium, Tellurium, Protochloride

and Protobromide of Tellurium, Protobromide of Iodine, and

Alizarine, by D. Gernez ... . . . . . . . . . . . . . . . . . . . . . . . . . 473

Demagnetization of Electromagnets, by Robert W. Willson,

Junior Class, Harv. Coll . . . . . . . . . . . . . . . . . . . . . . . . . . . . 475

The Source of the Solar Heat, by Maxwell Hall, B.A. ...... 476

A new Sensitive Singing-Flame, by W. E. Geyer.......... . . 478

473



viii CONTENTS OF WOL. XLIII.-FOURTH SER1 ES.

Page

On the best Resistance of the Coils of any Differential Galvano

meter, by Louis Schwendler, Esq. ........ . . . . . . . . . . . . 480

NUMBER CCLXXXIX.—SUPPLEMENT.

M. F. Zöllner on the Origin of the Earth's Magnetism, and the

Magnetic Relations of the Heavenly Bodies. (With a Plate.) 481

Dr. C. R. A. Wright's Reply to “An Examination of the recent

attack on the Atomic Theory”.......... . . . . . . . . . . . . . . 503

Prof. A. de la Rive on a New Hygrometer . . . . . . . . . . . . . . .. 514

Prof. Tait on the History of the Second Law of Thermodyna

mics, in reply to Professor Clausius. . . . . . . . . . . . . . . . . . . . 516

M. G. Quincke on Electrolysis, and the Passage of Electricity

through Liquids. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 518

Mr. J. A. Wanklyn on Water-Analysis and Water.......... 525

Proceedings of the Royal Society:—

Prof. J. C. Maxwell on the Induction of Electric Currents

in an Infinite Plane Sheet of uniform conductivity .... 529

Mr. W. Whitehouse on a New Hygrometer............ 538

Proceedings of the Geological Society:—

Messrs. T. R. Jones and W. K. Parker on the Foraminifera

of the Family Rotalinae (Carpenter) found in the Cre--

taceous Formations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 548

The Rev. J. F. Blake on the Infra-lias in Yorkshire . . . . 543

Researches on the Reflection of Heat at the surface of Polished

Bodies, by M. P. Desains . . . . . . . . . - - - - - - - - - - - - - -

Prize Question proposed by the Danish Royal Society ...... 546

Anomalous production of Ozone, by Henry H. Croft, Professor

of Chemistry, University College, Toronto . . . . . . . . . . . . . . 547

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . - - - - - - - - - - ... 548

PLATES,

I. Illustrative of Mr. J. E. H. Gordon's Description of a new Anemo

meter for Indicating and Registering the Force and Direction of

the Wind at any distance from the Vane, &c.

II. Illustrative of Mr. G. K. Winter's Papers:–On Testing the Metal

resistance of Telegraph-wires or Cables influenced by Earth

currents; and Observations on the Corona seen during the Eclipse

of December 11th and 12th, 1871.

III. Illustrative of M. F. Zöllner's Paper on the Origin of the Earth's

Magnetism, and the Magnetic Relations of the Heavenly Bodies.



THE

LONDON, EDINBURGH, ANd DUBLIN

PHILOSOPHICAL MAGAZINE

AND

JOURNAL OF SCIENCE.

[FOURTH SERIES.]

JA N UAR Y 1872.

I. Electrodynamic Measurements. By Professor WILHELM

WEBER.—Sixth Memoir, relating specially to the Principle of

the Conservation of Energy*.

HE law of electrical action announced in the First Memoir

on Electrodynamic Measurements (Elektrodynamische

Maassbestimmungen, Leipzig, 1846) has been tested on various

sides and been modified in many ways. It has also been made

the subject of observations and speculations of a more general

kind; these, however, cannot by any means be regarded as having

as yet led to definite conclusions. The First Part of the follow

ing Memoir is limited to a discussion of the relation which this

law bears to the Principle of the Conservation of Energy, the

great importance and high significance of which have been

brought specially into prominence in connexion with the Mecha

nical Theory of Heat. In consequence of its having been asserted

that the law referred to is in contradiction with this principle,

an endeavour is here made to show that no such contradiction

exists. On the contrary, the law enables us to make an addition

to the Principle of the Conservation of Encrgy, and to alter it

so that its application to each pair of particles is no longer

limited solely to the time during which the pair does not undergo

either increase or diminution of vis viva through the action of

other bodies, but always holds good independently of the mani

fold relations to other bodies into which the two particles

can enter.

Besides this, in the Second Part the law is applied to the de

* Translated by Professor G. C. Foster, F.R.S., from the Abhandlungen

der mathem.-phys. Classe der Königl. Sächsischen Gesellschaft der Wis

senschaften, vol. x. (January 1871).

Phil. Mag. S. 4. Wol. 43. No. 283. Jan. 1872. B



2 Prof. W. Weber on Electricity in relation to

velopment of the equations of motion of two electrical particles

subjected only to their mutual action. Albeit this development

does not lead directly to any comparisons or exact control by

reference to existing experience (on which account it has hitherto

received little attention), it nevertheless leads to various results

which appear to be of importance as furnishing clues for the in

vestigation of the molecular conditions and motions of bodies

which have acquired such special significance in relation to Che

mistry and the theory of Heat, and to offer to further investiga

tion interesting relations in these still obscure regions.

ON THE RELATION BETweeN THE LAws of ELECTRICITY AND

THE PRINCIPLE of THE CoNSERVATION of ENERGY.

1. Electrical Particles and Electrical Masses.

Particles of positive and of negative electricity are denoted by

the same letters, for instance by e or e' &c., but a positive or a

negative value is assigned to e or e' ... according to whether it

represents a particle of the positive or of the negative fluid.

If the measurable force of repulsion exerted by the first par

ticle e upon another exactly equal particle e at the constant

measurable distance r be denoted by f, and also the measurable

force of repulsion exerted by the second particle e' upon another

exactly equal particle e', at the same distance r, be denoted by

f', then +rv'ſ is taken as the measure of e, and +rv'ſ" as the

measure of e', where the upper or the lower sign is to be taken

according to whether the particle is a particle of positive or of

negative fluid. The unit of force which is here adopted for the

measurement of f and f' is the unit recognized in Mechanics,

namely the force which, when it acts upon the unit of mass re

cognized in Mechanics (1 milligramme), imparts to this mass

unit of velocity in unit of time. The repulsive force of the two

particles e, e, so long as their distance r remains unchanged, is,

in acceordance with the electrostatical law,

_ee'.

Trr

A negative value of this expression denotes attractive force.

In this mode of denoting particles of the electric fluids, how

ever, e, e' have not the signification of masses in the mechanical

sense, as appears from the simple consideration that e, el may

have at one time positive and at another time negative values;

but nevertheless the values of e, e' are closely related to the

masses of the particles. For if we denote the masses of the par

ticles e, e' (in the mechanical sense, according to which the unit

of mass [l milligramme] is determined by the mass of one pom

derable body, and different masses are compared with each other



the Principle of the Conservation of Energy. 3

in proportion to the reciprocals of the accelerations produced in

them by the same force) by e, e, of which the values are always

positive, we get for positive values of e, e,

* – “...— ...

... = 7=a;

and for negative values of e, e,

e- =b

=7-0,

where a has a definite positive and b a definite negative value.

Whether or not we have here aa- bb, or what ratio aa bears to

bb, has not as yet been made out, any more than the numerical

value of a or b. In many cases the electrical mass e is connected

with a ponderable mass m, so that it is impossible for it to be

moved independently of it; in such cases, only the combined

mass m + e comes into account, and in general e may be regarded

as vanishingly small in comparison with m. Consequently it is

only seldom that the masses e, e' have to be considered.

The distinction here indicated between the particles e, el and

their masses e, e is not always made; on the contrary, the sym

bols of the particles e, el are also used to denote the correspond

ing masses. It is, however, to be observed that, when this is

done, no regard can be had to the signs of e, e'. The omission

of the unknown factors a and b is always allowable when we are

dealing only with the relative values of masses of positive or of

negative electricity.

2. The Law of Electrical Force.

The Law of Electrical Force is thus stated in ‘Electrodynamic

Measurements’ (Leipzig, 1846, p. 119:—

If e and e' denote two electrical particles, the repulsive

force exerted by the two particles on each other at the

distance r is represented by
ee'(l 1 dr? 2). #)
7-?" cc dº? ' co dº? /’

where c is the constant denoted at the place quoted by ;

But this expression for the force which the particles e and e!

mutually exert upon each other, it is easy to see, is dependent

on a magnitude which contains as a factor the very force that is

to be determined. This is readily seen when the relative accelera

tion of the two particles, namely #, is broken upinto two parts,

thus,

ddr ddr' ... ddr".

if T if + -ī;

B 2
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ddr" . - -

where the first part, IF, is the relative acceleration due to the mu

r

tual action of the two particles,and the second part, #. is the ac

celeration due to other causes (namely to the acquired velocity of

the particles perpendicular to r, and to the mutual action between

them and other bodies). The first part, however, or that due to

the mutual action of the two particles, is proportional to the

force arising from this mutual action, and is represented by the

quotient of this force by the mass upon which it acts.

Hence there easily follows, as was shown in the memoir

already quoted (page 168), another expression for the force which

the particles e and el mutually exert upon each other, containing

only terms which are independent of the force to be determined,

namely the expression

ee' 1 drº 2r

2r (-, .4%)

f

(in which f is put for* , or, if the electrical particles e and e!

are distinguished from their masses e and e in accordance with

the previous section (a distinction which was not made in the

memoir quoted above), the expression

eel (l 1 dr" *...)

;H. — = IF + cj -

rr— — . --- ee'

cc ee'

From this it results that the law of electrical force is by no

means so simple as we expect a fundamental law to be; on the

contrary, it appears in two respects to be particularly complex.

In the first place, it is a consequence of this expression for the

force, that, as was pointed out in the memoir referred to, the

force which two electrical particles exert upon each other does

not depend exclusively upon these particles themselves, but also

upon the portion of their relative acceleration denoted by f,

which is in part due to the action of other bodies. It was also

pointed out that, inasmuch as the forces exerted by two bodies

upon each other have been called by Berzelius catalytic forces

when they depend upon the presence of a third body, electrical

forces considered generally are, in this sense, catalytic forces.

In the second place, another noteworthy result follows from

this expression for the force—namely, that when the particles e

and e' are of the same kind, they do not by any means always
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2

repel each other; thus when #. <cc-H2rf, they repel only so long

2 e-He' -

as r2 = -7- ee', and, on the contrary, they attract when

2 e-He'

r − = −.

An exception to this rule occurs only in the case in which

( e-He' ee'

r—2+ cc /* which is always a factor of the denominator,

becomes likewise a factor of the numerator. This case occurs

when the two electrical particles are at permanent relative

dr ddr

rest, so that dt =0 and dº? =0.

The general expression for the force given above becomes in

fact -

ee'.

dr - - - - - ee'

when d; =0; and by dividing this by the mass III, we find the

part of the acceleration which is due to the forces exerted upon

each other by the two electrical particles, namely

e +e')ee' 2r

→r(1+...)f o e-He', e CC

ee (r–2+ -
€e" co

By adding to this the other part of the acceleration, namely f,

which is due to the acquired motion of the particles at right

angles to r and to the action of other bodies, we obtain the total

acceleration, namely

ee'r

ddr (e-He')ee' - 2r

**== (1+...)
r-z-z-r ‘;

which, when the particles are at permanent relative rest, =0.

Hence for permanent relative rest we have

If this value off be substituted in the expression for the force

e

TE, (1+...)cee' c
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the latter becomes

eel l r e-He' eel

H ...( T *Teeſ cc J.

r(r-2 eeT co

Hence it appears that, in the case of permanent relative rest, the

e-He' ee'\ . -

factor (r—2 ––. is common to numerator and denomi

ee' CC

nator. The value of the quotient, which is thus independent of

this factor, namely #. consequently gives the expression for the

force, in the case of permanent relative rest, in complete agree

ment with the fundamental laws of electrostatics, according to

which this force has a positive value for particles of the same

kind at all distances.

3. The Law of Electrical Potential.

In the previous section the law of electrical force is shown to

be, in two respects, of a very complicated character, namely:—in

the first place, in that the repulsive force between two electrical

particles is dependent on things that do not appertain either to

the nature of the particles which exert the force upon each other,

or to their relative positions in space, or their existing relative

motion, but depends upon other bodies; and secondly, in that

repulsion may be exerted upon each other at certain distances

by the same particles, and attraction at other distances.

Compared with this complicated law of electrical force, the law

of electrical potential is very simple.

The value of the potential V of two electrical particles e and e,

in fact, as I pointed out as long ago as the year 1848 in Pog

gendorff’s Annalen (vol. lxxiii. p. 229), is determined by the

following law,

_ ee'ſ 1 - dº? 1)

T ºr \cc dº?

Observing that both r and % have different values at different

times for both the particles e and e', and that consequently both

are functions of the time, it follows that% may also be regarded

as a function of r, which may be denoted by fr. We thus obtain

v=#(...(ſº-1)
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and from this, by differentiation, the expression for the force

I -

dV -:(; - (ſº-1)+2.ſ...},
CC 7°CC drdr 77°

or, if we again put % for fr,

- dr

*-46-4%-44%dr Trr ce dº? T cc df 77/?

for which we may write

dV #(l 1 dr? 2r #)
7, T ºr \* T cº, ſº ºf co, ſº

From this it appears that

ee'ſ 1. #-1)
r \cc dº”

is a function whose differential coefficient with respect to r re

presents the repulsive force between the two particles e and e,

where r and# denote respectively their distance and relative velo

2

city regarded as functions of the time. But since#(; - #. –1)

becomes equal to nothing when e and e are separated infinitely
ee! / 1 dr” - -

far from each other, 7, \cd diº. T 1) is the potential of the elec

trical particles e and e—that is to say, the work which is ex

pended in causing the particles to approach each other from an

infinite distance while under the action of their mutual repulsion,

and to arrive at the distance r with the relative velocity #*.

It likewise results from the foregoing that the work, which is

expended when a given relative arrangement and state of motion

of a system of particles e, e' are changed to another arrangement

and another state of motion, depends only on the initial and

* This law of electrical potential has also been taken as his starting-point

by Beer in his ‘Introduction to Electrodynamics' (see Einleitung in die

Elektrostatik, die Lehre vom Magnetismus und die Elektrodynamik, von

August Beer. Nach dem Tode des Verfassers herausgegeben von Julius

Plücker : Braunschweig, 1865. S. 250). The placing of the law of poten

tial in the foreground as the fundamental law, and deriving the law of force

from it, ought not to give rise to any misgiving. We have in many respects

a better justification for speaking of the physical existence of the work ex

pressed by the potential than for speaking of the physical existence of a

force, as to which all we can say is i. it tends to change the physical rela

tions of bodies.
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final arrangements and movements of the particles, and is inde

pendent of the way by which the transition has been effected;

and also independent of states of motion which may have existed

during the transition.

4. Fundamental Electrical Laws.

The law of electrical potential certainly appears to stand, in

view of its simplicity, in a much closer relation to the true fun

damental laws of electricity than the far more complex law of

electrical force; but the expression of the former law may still

be resolved into two simpler laws, which may be stated in the

following manner:—

First Law.—If two particles e and e' are at relative rest or

possess the same relative motion at two different distances r and

p, the quantities of work V and U which are expended in sepa

rating the particles, while mutually acting on each other, from

these distances to an infinite distance, are to each other inversely

as these two distances, that is,

V : U=p + r. . . . . . . (1)

Second Law.—The work U, which is expended in separating

the particles e and el while subject to the force exerted by them
...!

on each other from a given distance p (= ...) proportional to

the quantity ee' to an infinite distance, makes together with the

vis viva x, which belonged to the particles in consequence of

their relative motion at the distance p, a constant sum, namely a ;

that is,

U+2=a. . . . . . . . (2)

For from equation (1) it follows that

U= TV;
p

and hence, by equation (2),

£V+w=a,
p

ee' º

But the relative vis viva w is proportional to the square of the

- e

or, since p-z,

- ., (17' -

relative velocity iſ, so that we may substitute for a a new con
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stant cc, such that

* — 1. drºx

a T cc dº? "

* If s and e' demote the masses of the particles e and e', a. and 3 the velo

cities of e in the direction of r and at right angles thereto, and a' and 3' the

dr

dt
same velocities for e', so that & -2'- # is the relative velocity of the two

particles, then

} e(z+3.3)+} e'(x'a'+3'3')

is the total vis viva of the two particles. If we now put for a

ex-He'a' e'(2–2")

e-He' e-He' '

and for a'

sa.--e'2' e'(x-a')

e-He' e-Ele' '

we get the total ris vica of the two particles represented as the sum of two

parts in the following manner—namely, -

= 1 es' drº Ll T(ex-He'2')? far at

=},...;+:[*** *****]

2 e-He' diº

ticles which was denoted above by r. But a is also a relative vis viva of

the same particles, namely that which corresponds to a definite relative

the first part of which, or , is the relative vis viva of the par

velocity c, so that a- -t-. cc. Hence we get f =l ."...as was given

2 e-He' a co dt?

above.

It may be further observed that the second part of the above sum,

namely l (*****):4. e/33 + "eej, may be again represented, after
2 e-He' t *

another subdivision, as the sum of two parts, thus.

_l es' ds” I l T(ea-l-e'a')? r

-##, ºr iſ #*+G+º]

where # represents the velocity with which the two particles move rela

tively to each other in space perpendicularly to r, while y represents the

velocity, perpendicular to r, of the centre of gravity of the two particles.

We thus get the total vis viva of the two particles divided into three parts—

namely, -

i. 1 ce'... drº,
2 e-He' dº

1 ee' ds”

ii.

2 e-He'' dº'

1 T(ex-He'2')?

2 e-He' +G+º]
iii.

l drz - -

the first of which, namely 2#. IF, represents the relatire vis viva cf
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We thus obtain

W= #(l l #).
r (*Tº iſ;

Here W denotes the work expended in separating the two par

ticles from the distance r to an infinite distance. If W is to de

note the work done in bringing the particles from an infinite dis

tance to the distance r, as it is usually understood to do, so that

positive values of *: may indicate repulsion, we obtain

ee! / 1 drº

v=#(; ;-);

that is to say, the law of electrical potential.

5. Principle of the Conservation of Energy for Two Particles

which form a detached system.

The two fundamental laws laid down in the foregoing section,

which may be called

The Law of the dependence of the Potential on the distance

for a constant relative motion, and

The Law of the dependence of the Potential on the relative

motion for a constant distance, -

require to be further discussed in relation to their bearing upon

the principle of the Conservation of Energy.

In accordance with the principle of the conservation of energy,

three forms of energy are to be distinguished from each other—

namely, energy of motion (kinetic energy), potential energy, and

energy of heat (thermal energy).

The energy of motion is that part of the energy which depends

upon the existing movements; and a special determination is

given of the way in which it depends upon movement—namely,

partly upon the magnitude of the moving mass, and partly upon

the velocity with which this mass moves.

The same determination also appies to thermal energy, if this

is regarded, in accordance with the mechanical theory of heat,

the two particles; while the first two parts taken together, namely

}:..(###)3 = Fe, \diº ' diº/”

represent the total internal vis viva, or the total internal kinetic energy of

the system; and the third part, namely ſº +grow , repre

sents the external vis viva, or the external kinetic energy of the system (that

is, the vis viva of the centre of gravity of the two particles).
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as an internal motion of the particles of bodies. But if we are

dealing with a system of two elementary particles (that is to say,

particles such that there can be no motion within them), it is ob

vious that in the case of such a system thermal energy has no

existence, and energy of motion and potential energy alone remain.

Lastly, the potential energy is that part of the energy which

depends on the existing potential; and a special determination is

needed of the way in which potential energy depends upon the

potential, exactly as, in the case of the energy of motion, it is

needful to determine the special way in which it depends on

movement.

Now this special determination has been made by equating

potential energy (without regard to the sign) and potential+.

The justification for this proceeding has been found in the fact

that the potential is a magnitude which is homogeneous with

kinetic energy, which, when taken with the negative sign and

added to the kinetic energy, gives always the same sum, so long

as the two particles constitute a detached system which does

not undergo either gain or loss of energy from without.

For instance, if we have a system of two ponderable particles

m, m', its potential is

ſ

Trina

W= “: ;
7"

and the internal vis viva, or the internal kinetic energy of the

system, is

1 mm.'

W= 2 m+m] (uu-H 22),

dr

dt -

the difference of the velocities in space perpendicularly to r.

But, for such a detached system, if we put r=ro and 2 =zo

where u-ti- is the relative velocity of the two particles, and a

* The sign of the potential, W, is so determined that positive values of

º: indicate repelling forces; the sign of the potential energy is fixed by
r -

the sign of the work which is done, in consequence of the mutual action of

the particles, when the two particles are separated from the distance r to

an infinite distance. Consequently, for two ponderable particles m, m', the

potential is V= *, and the potential energy = - ºp. For two elec

r

- - - - ee! / 1 dr"

trical particles e, e' the potential is = r" (#c #–1) and the poten

r

- ee 1 drº

tial energy = +(1– cc #).
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when u-0, the following value is easily got, namely

=*[**-*::...]".70 r To

ºttº

and consequently the sum

mm.' . 1 mm.'

W–W= To *3 minſ

This sum always retains the same value as long as the values of

ro and ao remain unchanged—that is, so long as the system of

the two particles undergoes neither loss nor gain of energy from

without. The external kinetic energy of such a detached system

amounts separately to a constant sum.

Now the same thing holds good also for two electrical particles

e, e'; for their potential, taken with the negative sign and added

to their kinetic energy, gives in like manner always the same

sum so long as the particles constitute a detached system.

• 2020.

* The force with which the two particles mutually act on each other,

dV - - - -

namely ir, divided by m, gives the acceleration of the particle m—that is,

#.# ; divided by m' it gives the acceleration of the particle m', namely

!, ... Consequently that part of the relative acceleration of the two
in ar -

1 \dV

particles which arises from their mutual action is (; + ...) dr, while

that part of the relative acceleration of the two particles which arises from
- acaº -

their rotation about one another is represented by +. If now this last

d -

portion be subtracted from the total acceleration #, the following equa

tion results:

- - -- an m’ dr”

Putting rar, and a = x, for the instant at which u =0, we obtain the ex

pression

du &c. (; })}

&r= x. To

as applicable for the case in which the only forces acting on the two par

ticles are those due to their mutual action. Accordingly we get, by inte

grating the above differential equation after it has been multiplied by

2dr=2udt,

1 — 1 \_o (l l *-*)
aut-ºrr. (; #)-2(#4)(*-*).

and hence

ro–r (ºr +m') — ro-Hr--) _ ro-rGºjº ro–H tas).
ºt. - -- -------

r To r To r ro
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We have, for the potential of such a system of two electrical

particles,

ee'/uu

v=#(;–1)

and, for the internal kinetic energy of the system,

1 eel ee

W=; e-Fel (uu--aa)==(u ae),

if u=# denotes the relative velocity of the two particles, and a

the difference of their velocities in space at right angles to r.

But, for such a detached system, when we put r=ro and a-ao

for u =0, it is easy to obtain

-- ce-H *f;*)',

and consequently the sum

: -; . &ndºn.

ce Tro 2 e.g.'”

_ee', eel adao ee' , 1 ee'

w-v=#4 --

This sum likewise retains the same value so long as the values

of roandao remain unchanged—that is, so long as the system of

two particles undergoes neither loss nor gain of energy from

withoutt. The same principle holds good in relation to the external

kinetic energy of a detached system of two electrical particles

and to that of two ponderable particles.

* See Section ll.

t In Professor Tait's very instructive work, “A Sketch of Thermodyna

mics’ (Edinburgh, 1868), the following passage occurs at page 76, in refer

ence to the investigations of Richmann and Lorenz which appeared in Pog

gendorff’s Annalen for 1867(Phil. Mag. S. 4. vol. xxxiv.pp.368 and 287]:-

“But the investigations of these authors are entirely based on Weber's inad

missibletheory fthe forcesexerted on each other by moving electric particles,

for which the conservation of energy is not true, while Maxwell's result is

in perfect consistence with that great principle.” This assertion of Pro

fessor Tait's seems to be in contradiction with the above. At page 56 of

the same work Mr. Tait mentions that Helmholtz has based the doctrine

of energy on Newton's principle and on the following postulate:—“Matter

consists of ultimate particles which exert upon each other forces whose

directions are those of the lines joining each pair of particles, and whose

magnitudes depend solely on the distances between the particles.” The

contradiction between the fundamental law of electricity and this postulate

is evident; but the contradiction between it and the principle of the conser

ration of energy is by no means evident,<-a distinction which Professor

Tait seems to have overlooked.
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6. Ertension of the Principle of the Conservation of Energy to

two electrical particles which do not form a detached system.

If potential energy is taken, as is done in the previous section,

as equal and opposite to potential, the principle of the conserva

tion of energy holds good for two particles only so long as these

two particles constitute a detached system—that is, so long as the

system formed of the two particles undergoes neither gain nor

loss of energy from without.

If the total energy of such a detached system of two particles

were at first = A, but, the system ceasing to be detached, it re

ceived from without a quantity of kinetic energy = a, it seems

to follow that, if the system were now again to become detached,

the total energy would again become and remain constant so

long as it remained detached, but that the total energy of the

system in its final detached state would have the value A+a

(that is, a value exceeding that corresponding to its previous de

tached state by a). This, however, does not by any means con

clusively prove the impossibility of extending the principle of

the conservation of energy to two electrical particles which do

not constitute a detached system.

For, strictly speaking, this has only been proved on the as

sumption that the potential energy of the system depends solely

on the distance between the two particles; while if, on the

other hand, the potential energy does not depend simply on the

distance of the two particles, but also on their relative motion,

it is evident that while the system receives from without an

amount of kinetic energy=a, a change in its potential energy

may be indirectly produced thereby. It is thus possible that

the change of potential energy, so caused indirectly from without,

might be = —a, so that the total energy (kinetic energy and

potential energy together) of the two particles, even if they did

not constitute a detached system, would retain always the same

value.

This, however, certainly does not occur in reality for a system

of two electrical particles, if the potential energy is taken as equal

and opposite to the potential; but this assumption, which would

thus make the extension of the principle impossible, has by no

means been proved to be a necessary one. In general, all that

is required is a special determination of the way in which the po

tential energy depends upon the potential; and here all that is

self-evident is, that inasmuch as potential and potential energy

are homogeneous magnitudes, a purely numerical relation must

exist between them. But whether this numerical relation is

always that of +1 to — 1, or whether it is to be fixed other

wise, must still be regarded as in general doubtful; so that the

possibility of the extension of the principle still remains.
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We understand, in fact, by the potential of two particles, the

amount of work which, in consequence of the mutual action of

the two particles, is done when they are transferred in any way

whatever from an infinite distance to the actually existing dis

- - - - - ... d

tance r with the actually existing relative velocity #.

It is, however, evident that work is done, in consequence of

the mutual action of the two particles, not only during their

transference from a greater distance to the distance r, but also

during their transference from a smaller distance to the distance

r. And there is no obvious reason why the energy ascribed to

the system should be made to depend on the work done in the

former case, and not on that done in the latter case also.

For example, if the first quantity of work were denoted, ac

cording to Section 4, by V, and the second bye; V, the poten

tial energy ascribed to the system might be taken as the differ

ence of these two amounts of work, namely =PTV—V=– V.

This difference of the two amounts of work is evidently the

quantity of work which is done, in consequence of the mutual

action of the two particles, during their transference from the

limiting value of small distances to the limiting value of great

distances—that is to say, the value which –W= :(l-!)

assumes when r is taken therein as equal to the limiting value

of small distances, or when we put r=p, where p denotes the

limiting value of small distances. According to this, therefore,

this difference of the two quantities ofwork-, (l- º ––W -

In order to determine in this way the potential energy of a

system of two electrical particles when the first quantity of work

above referred to is -

W= ee' (:: — 1 ),

7" VCC

it is only necessary further, for the determination of the second

quantity of work, to determine the value of p—that is, of the

smaller distance which is to be taken account of in that portion
of the work.

Now this smaller distance, equally with the greater distance,

must be determined on its own account, independently of the

actually existing conditions of the two particles. This was done

in the case of the greater distance by assigning to it an infinitely

great value; in the case of the smaller distance the same thing
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e-He' ee'

- cc '

distance which is given by the particles e, e, by their masses e, e',

and by the known electrical constant c.

If we now put the smaller distance equal to the value of p, we

get, in virtue of the equations

- #(#-l 2
7" VCC

p-rv_p-f.”(*_

p 'Tºp ºr \cc

the required value of the potential energy, namely

—ºv––#(# –1)=4-tº- (cc-uu).

p p \cc 2 e--

In accordance with the distinction which is here drawn between

the potential and the potential energy of two electrical particles

and with the corresponding determination of their relation to each

other, an analogous distinction may also be made between the

vis viva and the kinetic energy of two particles. For there is no

necessity that the kinetic energy of two particles should be taken

as being equal to the total vis viva of the two particles; all that

is generally essential is a definite determination of the relation

subsisting between the kinetic energy of two particles and the total

vis viva belonging to them both.

Now the total vis viva possessed by the two particles was re

presented in the note to section 4 as the sum of two parts, of
2

which the first part, namely :#. - #. was called the rela

is accomplished if we assign to it the value 2

2

tive vis viva. The second part was that which the two particles

possessed in virtue of their revolution about each other in space,

and in virtue of the motion of their centre of gravity in space.

If now, in order to establish the conception of the energy of

two particles, we take it as our starting-point that the prin

ciple of the conservation of energy of two particles must be based

upon the essential characters of the two particles, and in fact

upon what is essential to them when regarded as constituting a

detached system, it is obvious that for this purpose the concep

tion of the energy of two particles must be made to depend only

on the relations presented by the system of the two particles as

such, quite irrespectively of the relations in which these parti

cles may stand to all other bodies in space.

Applying this fundamental principle to the kinetic energy of

two particles in the same way as it has just been done in respect

of the potential energy, we see that the kinetic energy must be

taken as dependent upon the first part of the total vis viva be
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longing to the two particles—that is to say, upon their relative

vis viva—and not upon the second part of the total vis viva, or

that which the two particles possess in virtue of their revolution

about one another in space or of the motion of their centre of

gravity in space; for this latter part depends upon relations

which the two particles do not of themselves directly present.

For the two particles taken by themselves do not directly pre

sent any relation to space except their distance apart, from

which no knowledge can be had of their rotation or of the

motion of their centre of gravity in space.

Consequently, in what follows, by the kinetic energy of two

particles is to be understood, not the total vis viva possessed by

the two particles, but only their relative vis viva.

But it is easy to see that, in accordance with this, while a

system of two electrical particles e, e receives from without an

amount of kinetic energy =a, it really undergoes an alteration

of its potential energy =—a ; so that the whole energy of the

system must always retain the same value not only when the

two particles constitute a detached system, but also when they

do not do so. For if we represent the kinetic energy communi

cated from without by

_1 ee'
0,E 2 e-Fel vv,

while the kinetic energy of the particles before the communica

tion of this portion was

1 ee'

= 5: I.’”

the kinetic energy existing after the communication is

l es' 1 e

2 Ig-u= 2. e-Fel (uouo-Hºv).

Consequently the potential energy before the communication is

r 1 ee'

-#v=3. (cº-wºo),

whereas the potential energy after the communication is

r 1 ee' 1 es' – 1 º' ...
TP W= 2 e-Hel (cc-uu)= 2 e-Fel (cc-uouo) 2 FT,”;

so that, in consequence of the communication from without of

kinetic energy equal to +a, a change of potential energy has oc

curred which is represented by

1 ee' ...—

–5 ºr w=

Phil. Mag. S.4. Wol. 43. No. 283. Jan. 1872. C

-as
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7. Application to other Bodies.

If we distinguish, in accordance with the last section, between

the potential and the potential energy of two particles—that is to

say, if we define

Potential as the amount of work which, in consequence of the

mutual action of the two particles, is done during the

transference of the particles from an infinite distance to the

- - - - - - ... dr.

actual distance r with the existing relative velocity di’

and

Potential energy as that amount of work, taken negatively,

which, in consequence of the mutual action of the two par

ticles, is done during the transference of the particles from

the greater distance r- 30 to the smaller distance r=p deter

mined by the particles e, e', their masses e, e', and by the

- - - - - ... d.

constant c, with the existing relative velocity |-

the latter (that is to say, the potential energy in the sense that

has been indicated) may be resolved into two parts, one of them

equal and opposite to the potential, and therefore identical with

the magnitude which has hitherto been alone called potential

energy, but which, regarded henceforward as only a part of the

potential energy, we may call the free potential energy; the re

mainder is the second part, which may be called the latent poten

tial energy. -

Hence the principle of the conservation of energy may be

enunciated in the first place in the earlier wider sense as follows:—

For a detached system of two particles the sum of the kinetic

energy and of the free potential energy is always the same.

For so long as no kinetic energy is either lost or communicated

from without, every change in the free potential energy will be

compensated by an equal and opposite change in the kinetic

energy.

But the principle of the conservation of energy may also be

enunciated, secondly, in the narrower sense as follows (potential

energy and kinetic energy being understood in the sense that

has just been defined):—

The relative kinetic energy of two particles, and the total poten

tial energy which they possess along with this kinetic energy,

together give always the same sum.

Upon this the following remarks may be made –

(1) One particle regarded by itself can only possess kinetic

energy.

(2) Two particles likewise possess in the first place kinetic

energy, which is the sum of those which they possess when con

sidered separately,
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(3) This sum consists of a part A, which may be ascribed

partly to the motion of their centre of gravity, and partly to

their rotation about one another in space—and of another part

B, which the particles possess relatively to each other when con

sidered by themselves. This latter part, B, is called the relative

kinetic energy, or that belonging to the system formed by the two

particles.

(4) But in the system of two particles there is a something,

in addition to its kinetic energy, which does not belong to the

two particles taken separately, namely a greater or less capacity

for doing work in virtue of the mutual action of the two particles

upon each other. The measure of this capacity for doing work

is termed the potential energy of the system, or the relative poten

tial energy of the two particles; and that quantity of work serves

as the measure of this working-power which is done in conse

quence of the mutual action of the two particles during their

transference from the smaller distance r=p to the greater distance

r= o, where p is determined by the particles themselves e, e',

by their masses e, e', and by the constant c.

(5) The principle of the conservation of energy, however,

when specially defined as above, is only applicable to two par

ticles when their potential is of the same form as that of two

electrical particles, namely

ee! / 1 drº

W= r (: diº 1).

The potential of two ponderable masses m, m', on the con

trary, is

y mm.'

which (neglecting the sign) can be included under the above

general form only if the value of the constant c for ponderable

masses is infinitely great. It is evident, however, that it would

in reality suffice for the constant c to have only a very great

value instead of an infinite value, in order that there might not

be any thing perceptibly inconsistent with the results of ex

periment. And, considering the extraordinarily high value

which must be ascribed to the constant c in the case of elec

trical particles, it does not seem at all necessary, for the avoid

ance of all sensible contradictions, to adopt any other value for

ponderable bodies; consequently it must be permissible to re

present the potential of two ponderable particles m, m' by

mm.' 1 dr?

v="(1–4 ...)
C 2
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where the constant c retains the same value as in the potential of

two electrical particles.

But even if it should hereafter result from more accurate ex

perimental results that it is not permissible thus to ascribe the

same value to the constant c in the case of ponderable particles,

the possibility would always remain of assigning to the constant

c a still greater value for ponderable particles; and this could

easily be taken so great that any sensible disagreement with

experiment would completely vanish.

[To be continued.]

II. Further Notes on the Theory of the Tides.

By the Rev. T. K. Abbott, Trinity College, Dublin”.

IN the demonstrations given in two previous papers in this

Magazine (January 1870 and February 1871), we have sup

posed the water to be limited to an equatorial canal, the moon

also being in the equator. It is desirable to consider what mo

difications will be introduced, first, by supposing the earth to be

uniformly covered with water, and, secondly, by taking into ac

count the moon’s declination.

It will save repetition if we state once for all certain general

principles which we shall have to employ. First, suppose an

accelerating force acts alternately in opposite directions, the

effect (measured by velocity) increases as long as the force acts

in either direction, and therefore the velocity in that direction

is greatest at the moment that the force changes its direction.

Secondly, the velocity (diminishing under the counteraction of the

new force) continues to be in the same direction until this counter

force has undone all the work done in that direction by the pre

vious force. When the circumstances are alike in both direc

tions, this will be when the force has done half its work. This

is precisely the case of the common pendulum. Thirdly, in the

case before us, the water rises when the particles behind are

moving faster than those before. The rate of rise is greatest

when this difference is greatest; but as the effect is cumula

tive, the whole amount of the rise is greatest at the moment

when the difference = 0, and is about to change to the oppo

site. Fourthly, as in 2, this difference ceases to increase (i. e.

is greatest) when the force (or difference of forces) producing it

ceases to act; but it is not reduced to 0 until the opposite force

has done half its work. At this moment the accumulation is

greatest. Fifthly, in the case which we are now considering,

the effective force depends on the form of the surface, and vice

* Communicated by the Author.
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XV. Electrodynamic Measurements. By Professor WILHELM

WEBER.—Sixth Memoir, relating specially to the Principle of

the Conservation of Energy.

[Concluded from p. 20.]

8. On the Movement of two Electrical Particles in consequence of

their action on each other.

HE fundamental electrical law determines the action exerted

by any given particle upon another under any circum

stances. The simplest and most obvious application that can

be made of this law, would seem to be to develope the laws of

the motion of two particles which act mutually upon each other.

Greater practical interest, however, attached to the determina

tion, in the first place, of the laws of the distribution of electri

city at rest upon conductors, and of the laws of the forces exerted

by a current of electricity in a closed conductor, by reason of the

current existing in another conductor, upon this latter conductor

itself—as well as to the development of the laws of the (electro

motive) forces exerted by closed currents (or by magnets) on the

electricity in closed conductors—inasmuch as the results of these

developments admitted of being directly tested and confirmed

by experiment. But although this important practical interest

is wanting to the development of the laws of motion of two par

ticles subject only to their mutual action, many of its results

cannot fail to merit attention in other respects.

The interest which belongs to these results relates indeed

specially to the molecular movements of two particles, movements

which are shut out from all direct experimental investigation, so

that there is no authority for the application to them of the law

that has been established, so far as it is regarded as an experi

mental law. Consequently the development of the laws of the

molecular movements of two particles in accordance with the law

that has been established must be considered only as an attempt

to find a clue to the theory (which as yet we are entirely without)

of these movements—a clue which by itself is certainly not

sufficient, but is still in need of being supplemented in essential

respects. For so long as the molecular forces acting only at mo

lecular distances, which doubtless cooperate in the molecular

movements, are not known and taken exact account of, the results

that may be acquired cannot have any exact quantitative appli

cation, but only a qualitative value within certain limits, and

can be of consequence only for a first reconnaissance of the

territory.

9. Motion of two Electrical Particles in the direction of the straight

line which joins them.

For two particles, e, e, moving simply in consequence of their
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mutual action, we have, according to the fundamental laws of

Section 4, by putting

_o (1 ., l\ed _1 ee' dr" a=! “. CC

p=2(; +}): *=3 gig dº’ “T 2 eig'

and also giving a negative sign to U and W, so as to denote

thereby the potentials,

v. U-2(; +; * ,e cc.

2 r—U+++. .dºt. 1 ee . CC ;

and therefore el drº

v=#(; + })#.U= e (; ar 1)
e CCr Tr"Vºº dº? T

If there is no motion of rotation of the particles about each

other in space, ; - y is the acceleration of the particle e in the

direction of r, and }. 'y is the acceleration of the particle e' in

the opposite direction. Hence the relative acceleration of the

two particles becomes

*= (1+1) dy,
dº? T (: e/ dr"

and from this, by integrating between the limits r=ro and r=r

(ro denoting the value of r for the moment when #=w=0),

since p was made =2(; + }) ee, we obtain

e e'/cc

dr” ...— r-ro. p
dº? -Q101- r—p ro • CC.

# has always a positive or negative value differing from no
o

thing; forp=2(; + }): has a given finite although very small

value, which is positive or negative according as ee' is positive

or negative; and ro– has also a positive or nega
ºut 7°

7-H – –-

cc p

tive value differing from nothing, since the initial values of r

and uu, by which ro is to be determined, must be considered as

positive measurable quantities to be determined by experiment.
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When É is positive because both numerator and denominator

are positive all the movements are confined to the distances out

side the interval pro, and are divisible into movements at a dis

tance and molecular movements which are separated from each

other by the interval pro.

But if º is positive because numerator and denominator are

0.

both negative, the movements extend to all possible distances,

since the interval pro then lies outside all possible distances.

When º is negative, in which case the interval pro lies partly

outside ani partly within the possible distances, all the move

ments are confined to the part of the interval pro lying within

possible distances; and if p is positive and ro negative, they are

molecular movements.

From this it follows, when p and ro are positive, that, in the

first place, no transition from movements at a distance to molecular

movements takes place; secondly, that uu always remains less

than cc, if it was smaller at first; and thirdly, that when uu is

less than cc, r and ro are (both at once) either greater or less

than p.

If we keep merely to experience, some of these relative move

ments of the two particles may be left entirely out of account,

for it is evident that infinitely great relative velocities are never
º

met with in reality; on the contrary, : - #. is almost always to

be considered a very small fraction.

This limitation, derived from the nature of things, is also tacitly

assumed when W= g(; dº –1) is taken as the potential,

since this must be =0 for an infinitely great value of r. For
2 I

if #. were infinitely great, the expression#(. dr” 1) might

have a value differing from nothing even for infinitely great

values of r.

But if the value of
dº

dº?

dº

dº?

is never infinitely great, there must be

a finite value which never exceeds. We may assume ce as

such a value.

Presupposing this limitation of the relative velocities, ro is

always positive; and for every value of ro there exists only a

single, always continuous series of corresponding values of r and
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*', and
F. : an when p is positive and ro is >p,

the corresponding values of r and #. extend from rero to r=co

2 2

º: =0 to . = *. The movements are in this case
dt di” ro

movements at a distance.

and from

If p is positive and ro-ºp, or if p is negative,

the corresponding values extend from r=ro to r=0, and from
2

#. =0 to #=~. In the first case, when p is positive and

ro-ºp, and likewise in the second case, when p is negative and

roºp, the movements are molecular movements; but if, in the

second case, ro is > p; the movements are partly movements at a

distance and partly molecular movements.

Hence, with the above limitation of the movements, we obtain

for two particles e, e, moving solely in consequence of their re

ciprocal action, if there is no motion of rotation of the particles

about each other in space, the following equation of motion,

namely,

wu r-ro. p

cc T r—p ro

y

in which u is put =% and where p has a value that is given by

the particles e, e, their masses e, e, and the constant c, and ro

denotes a constant to be determined, according to this very

equation, by the initial value of r (which must be positive and

not equal to p, but otherwise may be any thing whatever) and

the initial value of uu (which must be positive and less than cc,

but otherwise may be any thing whatever).

10. Two states of aggregation of a system of two particles of the

same kind.

For two like particles the value ºf is positive. And since,

moreover, for every value of r the relative velocity u may have

two equal but opposite values, the value of r may, in accordance

with the above equation * ==tº. É-,
cc r–p ro

either at first decrease from r=co to r=ro, u at the same time

increasing from u-–evº to u-0, and afterwards

To
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r may increase again from r=ro to r=co, u at the same time

increasing from u-0 to u- +c Pl;

- To

or r may at first decrease from r=ro to r=0, u at the same

time decreasing from u-0 to u- -c, and then afterwards

r may increase from rao to r=ro, u at the same time de

creasing from u= + c to u-0.

It is easily seen that in the first case the motion is not a revert

ing one; for, after the distance r has diminished from any given

value to ro, it increases again without limit; that is, it never

decreases again. In the latter case, on the other hand, the mo

tion is reverting, for the distance r alternately diminishes from

ro to 0 and increases again from 0 to ro:

There seems indeed to be a sudden change in the value of the

velocity u from –c to + c at the moment when r=0; but no

sudden change occurs in reality; for, when r vanishes, – c de

notes the same velocity as + c does when r is increasing again

from zero.

These two cases of motion are moreover distinguished from

each other by the fact that no transition takes place from one to

the other; for, according to the above equation, such a transi

tion, in the case of the interval pro or rop could only occur by u

taking imaginary values.

Now upon this separateness of the two kinds of motion a di

stinction may be founded between two states of aggregation of a

system of two similar particles—that is, between a state of aggre

gation in which the particles can only move at a distance from

each other, and a state of aggregation in which they can take part

only in molecular movements. A transition from the one state

of aggregation to the other cannot take place so long as both par

ticles move in consequence of their reciprocal action only.

It only remains to be noted further, that it has been here

presupposed that the two particles, considered in space, possessed

no motion except in the direction of r, but in the next section

the opposite case will be considered.

11. Motion of two Electrical Particles which move in space with

different velocities, in directions at right angles to the straight

line joining them.

Let a denote the difference of the two velocities which two

electrical particles e and e', at a distance r from each other, pos

sess in space in a direction perpendicular to the straight line r

which joins them; then º: denotes the part of the relative acce

leration # which depends upon a.
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du

dt

difference #– *) expresses that part of the relative acce

leration of the two particles which results from the forces

exerted by them upon each other. According to section 9

If we deduct this part º: from the total acceleration #, the

- 1 1 \dW -

this latter part was =(;+ }) dr and hence we obtain the fol

lowing equation,

du ac, fl. 1 \ dW

#–*=(; + #) dr

Multiplying this equation by udt=dr, we get

dr /l 1 \, d\)

udu-aa: = ; +}).º.d.;

and hence, by integrating from the instant at which u=0, the

value of r corresponding to this instant being denoted by ro,

(: + }) (W–Wo)= } uu –ſ *d,
ro

in which W=g :-1) and Wa- — ‘. but where, in order

O

to perform the last integration, ao, must be represented as a

function of r.

Now r. adt is the element of surface described by the line con

necting the two repelling or attracting particles while they move

about each other for the element of time dt; and for equal ele

ments of time dt this superficial element retains always the same

value, whence radt=roaodt. Introducing the resulting value

ata = 7'oroa oºza .–

0' 0°0°0 7"r

in the last member of the above equation, and carrying out the

integration, we obtain the following equation,

2(+}): r-roll.”)— u +20%. Two-rr;
e 'e' / ce \ rro " r cc cc. CC rr *

from which, by putting 2(; + }) ee' –p, the equation of motion

cc T

* – Tº-roſ P , r-Fro. 2020

cc r—p V ro r cc
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is obtained. Putting this value of º into the equation
c

=#(;-)
we get

W= *(E. £4º–1)r \r—p \ ro 7" CC y

dV ee'. ro-p — ee (1-(3–2£)º)”.
dr T r (r—p)” (r—p)* 7"/ r" / CC

12.

According to the last section, there exists an equation between

the relative velocity u and the relative distance r of two particles

moving anyhow in space under the action of their reciprocal

forces, namely the equation

#–E;(; +***)cc r—p \ro r co /*

in which p denotes a constant that is positive for two similar par

ticles, and negative for two dissimilar particles.

Now from this there follow results relative to the free motions

of two particles in space, which move, under the influence of their

own reciprocal action, with unequal velocities in a direction per

pendicular to the straight line joining them, quite similar to

those arrived at in relation to the motions considered in section 10

in the direction of the straight line r. There results, in fact, in

this case also, a distinction between two states of aggregation

for two similar particles—namely, a state of aggregation in which

the two particles move in such a way as to return periodically

into the same position relatively to each other, and a state of

aggregation in which the two particles move so as to become

always more and more distant from each other and never return

to the same position. No transition from one state of aggrega

tion to the other takes place so long as the two particles move

only under the influence of their own reciprocal forces.

13.

A rotation of the two particles about each other implies the

existence of a certain attracting force if the two particles are to

remain at a constant distance from each other during this rota

tion; and this attracting force required for the rotation increases,

for the same distance, according to the square of velocity of ro

tation. According to this, one would expect that, for two similar

electrical particles at a distance roºp (at which they attract each
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other), there would be always a certain velocity of rotation ao

for which the attracting force required by the rotation should be

equal to the attracting force resulting from the reciprocal action

of the two particles, so that the two particles rotating about

each other would remain, for this velocity of rotation, at the

same distance ro. This, however, is not the case, since the

attracting force resulting from the reciprocal action of the two

particles depends not only upon the distance ro, but also upon

the velocity of rotation ao, and increases with the latter in such

a manner that it always remains greater than the attracting force

required by the rotation, so that with any such rotation there is

always involved a mutual approach of the two particles.

It follows indeed easily that, in the case of two similar par

ticles e and e, when p has a positive value and r=ro, and con

sequently us=0, there is no value of ao for which # =0, as must

be the case if the two particles are to remain at an invariable

distance ro. For when r=ro, it results from the equation at

the end of section 11 that

dV ee' 2020

# =::= (1+3*...");

and from this it further follows, since

du aa Zl 1 ) dV p co dV

à-F=\; + 2) # = 3. ‘I’
that

du 1 cc (p º)
º #=5:-,(; +***)

whence # can be equal to nothing only when

l

20-0-- 3 . CC,

which for a positive value of p (that is, when e and e are of the

same kind) is impossible.

It follows further that, in the case of two similar particles, if

du . . h - - - in: di

r=ro, if is either positive or negative, according as ro-p or ro-ºp.

Consequently the two particles separate always to a greater and

greater distance from each other when r=ro-p, and approach

always nearer to each other when r=ro-p, whatever value ao

may have. -

14. On the Time of Oscillation of an Electrical Atomic Pair.

Two similar electrical particles at a distance ro-p from each

other (at which their relative velocity =0) do not remain at this
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distance, but approach each other from raro to r=0 with a velo

city which increases from u=0tou–v/(ce.* - })—that

is to say, becomes infinite, if the velocity of rotation ao differed

from nothing for the instant at which r=ro. From this it fol

lows that the interval of time 9 in which the two particles ap

proach each other from the distance r=ro to r=0 has a finite

value. The fact that for the instant at which r becomes equal

to 0 the value of the relative velocity of the two particles becomes

v/(x+ Toſo.º.o.º.o. })= +co,

p r

signifies here only that this relative velocity is to be henceforward

taken as a velocity of separation = +oo, whereas it was, up to

this point, a veloctiy of approach = —oo. This being premised,

it easily follows that, in a second equal interval of time 6, the

two particles will separate from each other again from the dis

tance rao to the distance r=ro. The interval of time 20, in

which the two particles approach each other with increasing ve

locity from the distance r=ro to r=0 and then separate again

from the distance r=0 to r=ro, may be called the time of oscil

lation of the atomic pair formed of the two electrical particles.

There still remains the problem of determining the time ofos

cillation 20 of such an atomic pair.

This time of oscillation can be readily deduced from the equa

tion -

#==}(; *:::::)cc T r—p \ro rT Tccº

if it be assumed that therein ro is not greater than p.

For if we first consider the limiting case in which ro–p, it

follows from the above equation that

1

uu=cc-H oxoao-H porozo. F3

and hence, putting u- #.

dt= —drV-fºr- -

paoº-o-º- (cc-Faozo)r

From this we obtain, by integration,

(S)=–ſºv/—t-
e paoxo-H (cc-Faoa")"

Accordingly we get:-
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- p

(8)= cc-Haozo M(cc-H2aoao)

- cºs(V(i+...)+ V(*::).
ar

or, for small values of 29,
c

(S)= (1–* logº)
c CC ao

If we neart confine ourselves to the consideration of small oscil

lations (that is to say, those for which ſo is very small), it results

from the above equation, when ro and r are taken as vanishingly

small compared with p, that

uu-ºo...! +cc-(. + tº),
p r To p

- r

whence, putting u= di’

cdt= —drv/ 7" -

70'02020 +r— l + º).
pcc ro poc

which leads to an elliptic integral. For vanishing values of º,

we obtain

1 ("0 dr 3ro.

When, as has been assumed, r is -- p, ro may be called the

amplitude of oscillation; and it follows that, for small values of

º and for small amplitudes of oscillation, the time of oscillation

20 of an electrical atomic pair is proportional to the amplitude

of oscillation ro, But the factor with which ro must be multiplied

in order to give 20, though a constant = : for small amplitudes,

- - - - 2

diminishes for greater amplitudes, and becomes = c for the am

plitude r-p.

Y

!,
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If we put c=439450. 106* it follows from this last

determination that the value of p must lie approximately between

fºr and sm of a millimetre in order that these oscillations

may be equal in rapidity to those of light.

The difference of the electrical particles e, el and of their

masses e, e' in the case of small values of : and small ampli

tudes, does not affect the oscillations at all; and in the case of

greater amplitudes it affects them only so far as the value of p

depends upon it.

15. Applicability to Chemical Atomic Groups.

The distinction between two or more states of aggregation of

bodies, according as they consist of simple atoms, or of atomic

pairs, or of groups of more than two atoms, has acquired great

importance in relation to chemistry. Now one, and now another

state of aggregation occurs; and in many chemical processes a

transition takes place from one to another; but the intermediate

states which occur in the case of such transition cannot exist

permanently, and those states of aggregation are consequently

completely separate from each other as permanent states.

Now it is obvious that the permanence of some atomic condi

tions, which are distinguished as special states of aggregation,

and the want of permanence in all other atomic conditions, may

have its cause in the laws of the reciprocal action of atoms—that

is, in the difference between the forces exerted upon each other

by atoms according to the different relations in which they may

stand towards each other. The cause of the permanence of

some atomic states and of the want of this permanence in others

has not hitherto been recognized in the laws of the reciprocal

action of atoms; and it would doubtless be difficult to succeed

in discovering this cause in such laws of reciprocal action as it

has hitherto been attempted to establish and to assume for pon

derable atoms.

The question consequently presents itself, whether the cause

of the permanence of certain atomic states may not perhaps be

found in such laws of mutual action as have here been esta

blished and assumed for electrical particles. Hence the move

ments of two electrical particles under the influence of the re

ciprocal action assigned to them, which have been followed out

in the preceding sections, are of interest in connexion with this

point also, since in them a cause has been really discovered upon

which the existence of such permanent states of aggregation

may be founded. And in relation to this it is to be specially

Phil. Mag. S.4. Vol. 43. No. 284. Feb. 1872. K
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observed that the same forces as those which determine the

states of aggregation of electricity formed by simple atoms and

by atomic pairs, may possibly also determine similar states of

aggregation of ponderable bodies. For in the general distribution

of electricity it must be assumed that an atom of electricity

adheres to each ponderable atom. But if atoms of electricity

adhere firmly to ponderable atoms, nothing will be altered in the

relations of the electrical atoms except the masses which have to

be moved by the forces acting on the electrical atoms. But in

the preceding developments the masses are left undetermined,

and are simply denoted by e and e'; while the electrical par

ticles themselves, to which the masses e and e' belong, are de

termined, without a knowledge of the values e and e, by the

measurable quantities e and e!. If now we take the yalues of e

and e' so great as to include the masses of the ponderable atoms

adhering to the electrical atoms, all the results that have been

arrived at in reference first of all to electrical atoms merely, may

also be applied to the ponderable atoms combined with the elec

trical stoms. -

16. On the state of Aggregation and Oscillation of two dissimilar

Electrical Particles.

In the case of two dissimilar electrical particles, the same

equations hold good as in the case of two similar particles,

namely those of section 11; that is to say,

uu r-ro ( p , r--ro º)
- -- - - ---> * —Y_*:

cc r—p \ro r co /*

- v=#|[=; *****)-1].r—p \ro r cc

dV_ ee' Tro–p 3r–2p 2020

#=ºſº-(-ºº...)*::),
1 . I - (-- -

where p=2(; +): ; the only difference is, that when the

particles are dissimilar p has a negative value, because the pro

ductee' is negative. Besides these equations we have also ar=20ſo

(since only such motions are considered as are made by two elec

trical particles under the action of their own reciprocal action)

whence there follows, lastly, the equation 2

du- l pce. dV + To'o.2020

dt T 2 eel dr 73 -"-

Hence it results that, as in the case of two similar electrical par
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ticles, when r=ro,

dV ee' 2020

dr T ro(ro-p) (1+ 2 Tcc J’

du 1 cc / p 20°o

df T#;( +2°º),ro ce

and that, when also ao- -# (which has now a real value,

To

- 1 : 1 \ee' . . . - - -

since —p-–2 (; + #): is positive for dissimilar particles),

du - -

dt =0; according to which, when r=ro and ao– -;

the two particles in their rotation about each other remain always

at the same distance (=ro) apart, a case which with two similar

particles cannot occur at all.

It follows, however, further from the equation

* r-ro/p + r+ro 20%

cc r—p (. r cc /*

or, when we put n for the constant value —º, from the

following equation,

-**::=(-1). [..(ºr)-i),

that besides the value r=ro, for which u-0 is given, there is

*-, for which likein general also another value of r, namely n”
7°o
O

wise u-0.

These two values of r, however, for which u-0, differ from

each other sometimes to a greater and sometimes to a smaller

extent, according to the value of n; and when n=} (that is to

say, when ao-V- #), they coincide completely; and it is
O

only when the two values of r for which u-0 coincide thus that

the previously mentioned case occurs, for which we have at the

same time u-0 and |=0 ; and consequently the two particles,

while revolving round each other, remain at the same distance.

In all other cases in which the velocity u=0 (as, for example,

when r=2n—a, where r<n) there is also a second value of r

—in this case2n+ º-ſor which also the velocity u-0. #

K 2
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has then a positive value for r=2n—a, but diminishes and be
- 77.0:

comes equal to nothing between r=2n—w and r=2n+ n—a

d - - -

so that, for r=2n +#2 # has a negative value. It is evi

dent from this that repulsion of the two particles takes place

from ri-2n—a as far as the value of r for which % =0, and

attraction from this point as far as r=2n + n—w’ and conse

quently that the two particles must always remain in oscillatory

motion relatively to each other within the indicated limits.

17. On Ampère's Molecular Currents.

The molecular state of aggregation of two dissimilar electrical

particles that has just been described, namely that in which the

distance of the two particles alternately increases and diminishes

between exactly defined limits and the path in which one particle

moves about the other becomes a circular orbit at the two limits,

is deserving of closer consideration, especially in those cases in

which it is admissible to regard one of the particles as being at

rest and the other particle as moving in a circle about the first.

The relation between the particles in respect of their partici

pation in the motion depends upon the ratio of their masses e

and e'; and, according to section 15, the values of e and el must

include the masses of the ponderable atoms adhering to the

electrical atoms. Let e be the positive electrical particle, and

let the negative particle be equal and opposite to it, and let it

therefore be denoted by —e (instead of by e!). Now let a pon

derable atom adhere to the latter only, whereby its mass is so

much increased that the mass of the positive particle becomes

negligible in comparison. The particle —e may then be re

garded as being at rest, and the particle +e alone as being in

motion around the particle —e.

The two dissimilar particles, when in the molecular state of

aggregation that has been described, consequently represent an

Ampèrian molecular current; for it can be shown that they cor

respond completely to the assumptions which Ampère made in

relation to the molecular currents.

In order to show this, let us develope the expression for the

force which the moving particle e exerts upon any given element

of a current. Let ds' denote the length of the given element of

current, + elds' the positive, and –elds' the negative electricity

which it contains; and, lastly, let u' denote the velocity of the

positive particle + e'ds', and –u' the velocity of the negative

-
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particle —e'ds'. Also, let r denote the distance of the element

of current from the particle e, u the velocity of the particle e,

a, y, z the coordinates of the particle e, a', y', 2' the coordinates

of the element of current, 6 and 6' the angles which the di

rections of u and u' make with r, and e the angle between the

directions of u and u'.

Next, let the general expression for the repelling force of two

electrical particles e and e at the distance r, namely

eel l 1 dr" | 2r #)
7-7. cc dº? ' co dº? /?

be transformed as follows (see Beer, Einleitung in die Elektro

statik, die Lehre vom Magnetismus und die Electrodynamik,

S. 251). First, let the equation

rr= (a —a')*+(y—y')*-ī- (2–2)*

be differentiated with respect to the time t; we then get

dr (, , (dº dº' dy dy' dz dz'

r;=(-1)(#–%)+0-y(#–%)+(3–2)(#–%)
or also

dr —” f

r; =rucose u'cos 0').

By a second differentiation we get

dr” ... ddr /dw da'Y” /dy dy'\* , /dz dz'Y”

#4rº, -( +(#–%) + )di T dº d; T dt dt

dda, dda' ddy ddy'

+ (r-1)(; -%)+ (y—y') #T iſ

ddz dāz'

+G-(#–%)
wherein

da: #) dy dy'Yº L/dz de')"
--- -- * – “: ) = u2+ wº— * v- -

dt dt #—º) +(;– )=u3+*–2uu'cose

If now the acceleration of the one particle, whose components

are #, #, #. be denoted by N, and the angle which its di

rection makes with r by v, and in like manner the acceleration

dda' day' dalz' b

dº dº dº "W

N', and the angle which its direction makes with r by v', we

obtain

w—a'/dda: #)+ y—y'(# _ddy'), z-z' (dd. dd.'

rFTVdB T dº dº? T dº / " Tr T \dº Tafa

=N cos y–N'cos V.

of the other particle, whose components are
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The substitution of these values gives

2% +2.É. =2(u°+u”–2uu' cose) +2r(N cos v.–N'cos V),

dº

dt? .

The second equation subtracted from the first gives

2

- #. +2}=294"–2u. cose)—3(u cos 0–u'cos 69')*

+2r(N cos v.–N'cos V),

whence the general expression for the repelling force of two elec

trical particles e and e' at the distance r, namely

#(1– 1 dr" | 2d dr

rr cc dt” ' ce #)

is obtained in the following transformed shape,

3 =3(u cos 0–u'cos 69)”.

=: [cc 4-2(u°+ u”–2uu'cos e)—3(u cos 0–u'cos (9)*

+2r(N cos v.–N'cos V)].

By substituting for the particle e' the positive electricity in

the given element of current, namely + elds, this expression

gives the repelling force

eeds'

+[ce+2(*+ u”–2uu' cose)—3(u cos 6–u'cos 0')*

+2r(N cos v.–N'cos V)];

but by putting for the particle e' the negative electricity in the

given element of current, namely, -elds', we obtain the repelling
force

*r-º-20-4 u” +2uu'cos e) +3(u cos 0+u'cos 69)*
cCrr

–2r(N cos v-H N'cos V)],

since in this case e-HT, 0' +T, and V-H ºr take the place of e,

0', and v'; and these therefore give together the total repelling

force between the moving particle e and the whole element of

current, namely

4ee'ds'

cCyr

(3uu'cos 0 cos 0–2uu'cos e—rN'cos V).

The repelling force between the stationary particle –e and the

whole element of current, on the other hand, if r denotes the

distance of the stationary particle —e from the given element of
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current, is

4ee'ds'

ccrr "
rN'cos V,

since in this case u=0. But the difference between the value

given to r here and that assigned to it previously (namely the

distance from the particle +e, in motion about the particle —e,

to the given element of current), may be regarded as a negligible

fraction of r, so that we get, for the repelling force exerted by

the moving particle +e and stationary particle —e together upon

the element of current, the expression

4ee'ds'

CCy’r

(3 cos 0 cos 0–2 cose). uu'.

If we were to put in place of the moving electrical particle +e

a second element of current, the positive electricity of which,

moving with the velocity +}u, was denoted by + eds, and whose

negative electricity, moving with the velocity — $u, was denoted

by -eds, we should obtain for the mutual repelling force of the

two elements of current the value

_4eds . elds'
(3 cos 0 cos 0–2 cose). uu";

CCry"

that is to say, the same expression as before, if the electrical

particle previously denoted by +e (and moving with the velo

city u) were taken as equal to the positive electricity contained

in the second element of current, namely +eds (moving with

the velocity u).

It follows from this that the rotatory motion of the electrical

particle +e about the stationary particle —e replaces a circular

double current, if the positive electricity contained in the latter

is equal to +e and moves in its circular orbit with half the

velocity of the aforesaid electrical particle +e, and if also the

negative electricity contained in the current is equal to —e and

moves with the same velocity as the positive electricity but in

the opposite direction.

Hence it appears that an electrical particle +e moving in a

circle about the electrical particle —e exerts upon all galvanic

currents the same effects as those assumed by Ampère in the

case of his molecular currents. -

The molecular currents assumed by Ampère, however, differ

essentially from all other galvanic currents in this respect, that,

according to Ampère's assumption, they continue without elec

tromotive force; whereas all other galvanic currents, in accord

ance with Ohm’s law, are proportional to the electromotive force,

and cease when the electromotive force vanishes. But it is evi
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dent that the electrical particle +e, spoken of above, must of itself,

without electromotive force, continue indefinitely its rotatory

motion about the particle —e, and therefore must correspond

entirely with the molecular currents assumed by Ampère in this

respect also.

We accordingly obtain in this way, as a deduction from the

laws of the molecular state of aggregation of two dissimilar elec

trical particles, developed in the preceding section, a simple con

struction for the molecular currents assumed by Ampère without

proof that their existence was possible.

18. Movements of two dissimilar Particles in Space under

the Action of an Electrical Segregating Force (Scheidungskraft).

If T--v denotes the angle which the direction of the electrical

segregating force makes with r, and a denotes the magnitude of

the relative acceleration of the two particles depending upon the

segregating force, —a.cos v and a.sin v are the components of

a,-the former expressing the part of the relative acceleration

du

dt

the part of # which depends on the same force, where a is the

which is dependent on the segregating force, and the latter

difference of the velocities of the two particles in a direction per

pendicular to r. It is presupposed that the direction of the se

gregating force lies in the plane in which the two particles rotate

about each other.

If now the first component, namely —a . cos v, as the part of

# which dº upon the segregating force, and also º

as the part of| which depends upon the velocity a, be deducted

from the total acceleration #, the difference

du + a . COS v–*)
(; (! . r

denotes the part of the relative acceleration which results from

the force which the two particles e and e exert upon each other,

namely

lºl)dy g ce. dy,
(. e/ dr T2 eel dr”

and hence the following equation is obtained:—

22 p. cc dV*+, COS 7 - –– - -dt - *-v-f- r T 2 eel dr

If we deduct the last component, namely a . sin v, as the part

.
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of the acceleration # which depends upon the segregating force,

from the total value #, the difference * —a sin •) gives that

do.

dt

motion under the sole influence of the forces exerted upon each other

by the two particles. But, under the sole influence of the attract

ing or repelling forces exerted upon each other by the two par

ticles, the element of surface ardt, described in a given element

of time dt, would have a constant value, or we should have

** +r;=0; hence the resulting part of the acceleration

part of the total acceleration H, which results from the earisting

da
dt becomes

_2 dr.

r dt

By equating this part with the above difference, we get the

equation

do. a sin v =– dr

dt T r dt

Besides these, we have, as is self-evident, a third equation,

dva adt.

r

Accordingly, for the four variable magnitudes r, u, a, v, there

are the following three equations:—

az pcc., d.V du

a cost- ºr = gº,' I – if, - - - - (1)

- adr da

a sin v- rſ = P, . . . . . . . (2)

adt

do =#. . . . . . . . (3)

Multiplying equation (1) by dr = udt, and equation (2) by

rdvā adt, we obtain

aadr pcc dV

a cos v.dr–º = . . ; dr–udu, . . (4)

arine.de-tº-ada. . . . . . . . (5)

The difference of these two equations gives

a.d.o.)=; ; d-el-ul, . . (6)
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We also get from (2) and (3),

–2ar”. d (cos v)=d(2°r”). . . . . (7)

The integration of the differential equation (6) gives, after mul

tiplying by 2 and putting V- *(; -1)

2arcos v- *(* –1)–aa-uu+ const. ; . . (8)

7" VCC

and from this, since r-ro, a= &o, and cos v- –1 when u-0,

comes

–2aro--ºf-22,+ const. . . . (9)

0.

Equation (9), subtracted from equation (8), gives

2arcos v 4-2aro= (. - 1)m. +pec(... - ..) – 22 +2020. (10)

0

By integrating the differential equation (7) we obtain, after divi

ding by r*,

–2a cost-“4-3 aad,
r rr

or, multiplying by r,

—arer-- tº ſº, . . . (11)

and hence, for the sum of (10) and (11),

1 1 'aadr

2ar-(. -1)n+eſ.- ..)+...+ sº rr'

and therefore

l r aadr

ºutg= r—p (or:(. -1)+rza,4 3rrſº –2aro r). (12)

From equation (3) there follows further, since dra-udt,

a dr -

dve u r 3 - - - - - - - - (13)

and since, by equation (7),

d(cos v) = — d(2°r")>

\ 2ar”

and by equation (11),

l /22 * 2°dr

coS v- -#.(.4 alº)

we get, by substituting these values in the identical equation

- d (cos v)
dva- —— .\ .

V(1 — cos vº)”
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according to equation (13),

d(2**)

r 2arº

-VTIETTºy
and from this and equation (12),

_/ ar"dr Nº ( 2 (2* 2°drN°

m=(...). 4a (ºſº))

1 (r-ro 2°dr

ºpetrº-ºr)+pº) (19T r—p \ ro

*.

or the following equation for the two variables r and a —

2 2 2

4e–(. raſ. †)r 7

4. º). (** - pcº + a;-2aro +3 *#). (15)

7"
r—p \ dr To r? r?

If we now confine ourselves to small values of a, for which ar

is not, indeed, constant, as it is for a-0, according to section 11,

but for which it differs only little from a constant value aoro–n,

we may put

ar= n(1 + e), . . . . . . . (16)

where e has always a very small value. It then follows from

this that

2 2

:=(1+2e). . . . . . . . (17)

d(ar) ... de

-a, -"d (18)

Further, by (11) and (17),

de a.

g = - ; cost,

* If the segregating force a vanish, ar must, according to section ll,

assume a constant value. But for a constant value of ºr and for a=0,

equation (15) reduces itself to

2 2dr
0= 2. +3\" -

r rº *

and this, divided by the constant value aºrº, gives the identical equation

0=}+3\%.
r r

in accordance with section 11.
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Or

de= ºr'sin odo; . . . . . . (19)

from (18) and (19),

d(ar) – a .s., do.

*...* =; "sin v.;; - - - - - (20)

and from (17) and (19),

a? n° 2a -

F–Fs + 7.5 r” sin vdv. . . . . . (21)

2

If we now substitute the values ofº and : given by (20)

and (21) in the following equation resulting from (11) and (15),

namely

a” sin vº

? /r— 2 *— 2

- 1 - (º) -(º - p. + ao 2aro- 2.–2acow)(22)
- dr To r r 7"

we obtain, by again putting for n its value aoro, the following

equation between r and v, namely

rºcº do” T r—p \ ro r cº

*. *(v4 *ſ- coSº). . (23)

T (r-p)c

2 2 2

a; r. dr" r-ro ( p. r-Fro. 2;

By differentiating this equation, after multiplying it by r(r—p),

we obtain

a;r; dr” )d r 2 2

#(º-pº)=#40 ºr (; +/-º (; ; ;ro cº

2a

cº (2ror--3r” cos v).

* From the above equation, since Tu may be substituted for #. we

a. º

obtain

**r.”. “ — r-ro/p + r+r. a..') — 2a ( 3

a"r" cc TT r—p (+ r #) º rºtºrcored),

which, when the segregating force a vanishes, and therefore, according to

section 11, ar=&ord, passes over into the equation

uu = r-ro (? r-Hr, . º)—
cc r—p \ro r cº

that is to say, into the same equation that was arrived at already for this

case in section 11.
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If we here put, to consider a special case,

2r

p=- (-,+ar)

(that is to say, the case in which, for a =0, the two particles re

main, according to section 16, at the same distance during their

rotation), we obtain

d ( ya; r. #) __2(r-ro), ... 6ar

#(r-p) rãº dº/TT T. cc *(a;+ aro) – #(r,4rcos),

which becomes =0, first, when u-0 and consequently r-ro,

a= x0, and cos v- -1, and, secondly, when

ro–r- barºt 7" coS º),

a;+ aro

a case which occurs for small values of a, if cos v= +1 and so

6ar?

r=ro–.” approximately.
0.

Hence it follows that, just as, according to section 16, one of

two dissimilar electrical particles, for which p=–2roº, could

move round the other in a circular orbit when not acted on by

segregating force, so also when two dissimilar electrical particles,

for which p= —2ro(**ar) are acted on by a segregating

force (=a), one of them can revolve about the other in a closed

orbit, though the orbit is not circular. The distance between

the particles varies, in fact, according as the moving particle lies

before or behind the central particle considered relatively to the

direction of the segregating force, being in the latter case = ro,

and in the former case =ro–6. (1.

0°0

Such an eccentrical position of the one particle in the plane

of the orbit described (under the influence of a segregating

force) by the other particle about this one, may be compared to

the separation of electric fluids at rest under the influence of a

similar segregating force; but the remarkable difference presents

itself that the separation takes place in opposite directions in

the two cases.

It follows from this, that in all conductors that have been

charged in the usual way under the influence of a force of

electrical segregation, the electricity cannot be contained only in

the state of aggregation corresponding to Ampère's molecular

currents, since in that case the resulting segregation would take
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place in the opposite direction to that which actually does occur.

But even if all the electricity in such a conductor existed in the

form of Ampèrian molecular currents before the action of the

segregating force began, there must have been amongst these

molecular currents some which could not persist under the

action of the segregating force (one particle continuing to re

volve in a closed orbit round the other), and were accordingly

broken up, the two particles separating more and more from

each other until they arrived at the boundary of the conductor.

Under the influence of the force of segregation, the positive and

negative particles of the broken molecular currents could remain

at rest only when distributed in a particular way on the surface

of the conductor; but when the force of segregation ceased to

act, they would enter into motion again until they had again

united themselves two by two into Ampèrian molecular currents.

19. Electrical Currents in Conductors.

If all the electricity in conductors were contained in them

(before a segregating force began to act) in the state of aggrega

tion corresponding to Ampèrian molecular currents, which,

however, were incapable of persisting under the action of a

segregating force, but were broken up, so that the two dissimilar

electrical particles, which were revolving about each other,

separated further and further from each other, until their paths

finally approached asymptotically the direction of the segregating

force, dissimilar electrical particles derived from different

molecular currents would encounter each other before they could

reach the boundaries of the conductor, and would form with

each other new molecular currents. These newly formed mo

lecular currents would then in their turn be broken up, and the

particles constituting them would again separate further and

further from each other in paths asymptotically approaching the

direction of the segregating force, and so on.

Thus there would arise a current of electricity in the conduc

tor in the direction of the segregating force. If the conductor

had the shape of a uniform ring, and if the segregating force

had the same intensity in every separate element of length of

the ring and acted in the direction of the element, a constant

circular current would be produced in the ring, and the laws of

motion of electrical particles under the action of a force of

electrical segregation, developed in the previous section, would

form the basis of the theory of these constant electrical currents

in closed conductors. -

Here it is evident that, during the existence of this current,

work would be done by each particle, since it moves forward

under the action of the segregating force in the direction of this
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force. And since all the other forces which act upon such such

a particle in a conductor must together balance each other, this

work will make its appearance as an equivalent increase of the

vis viva of the particle; whence it follows that the vis viva of all

the Ampèrian molecular currents contained in the conductor

must, while the current traverses the conductor, increase; that

is to say, the square of the velocity with which the particles in

the Ampèrian molecular current revolve about one another

must increase proportionally to the force of segregation (electro

motive force), and proportionally to the distance through which

this force acts in its own direction (or to the strength of the current).

If the ratio of the electromotive force to the strength of the cur

rent be called resistance, we may say instead of the above that the

vis viva of all the molecular currents contained in the conductor

increases, during the passage of the current, proportionally to

the resistance, and proportionally to the square of the strength of

the current.

This increase of kinetic energy of the electrical particles con

tained in a conductor while a current traverses it, follows there

fore as a necessary consequence of the action of the electromotive

force upon the particles, while these particles, as the result of the

current, move onward in the direction of this force.

This theoretical conclusion receives, not indeed a direct,

but an indirect confirmation from experiment, inasmuch as an

increase of thermal energy is observed in the conductor while a

current traverses it. And this observed increase of the thermal

energy in the conductor is equal to the calculated increase of the

kinetic energy of the electrical particles in the Ampèrian molecu

lar currents of the conductor.

Now the thermal energy of a body is a kinetic energy re

sulting from movements in the interior of the body, which are

therefore inaccessible to direct observation. In like manner, the

kinetic energy belonging to the electrical particles in the Am

pèrian molecular currents in a conductor is a kinetic energy

which results from movements taking place in the interior of the

conductor, and therefore inaccessible to direct observation.

But notwithstanding this agreement, the thermal energy of a

body and this kinetic energy of the electrical particles in the

Ampèrian currents contained in the same body might possibly

be altogether different as to their essential nature. For it is

possible that the thermal energy might be energy resulting from

the motion of quite other particles than those of electricity, and

the motion of these other particles might be of quite a different

kind from those of the particles in Ampèrian currents.

In order to explain the identity of the increase of the energy

of the Ampèrian molecular currents, as determined above, with
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the increase of thermal energy found by observation, it would

then be absolutely necessary, according to the principle of the

conservation of energy, that a transference should take place of

the kinetic energy of the electrical particles in the Ampèrian

currents to the other particles whose motion constitutes heat.

And indeed it would be needful that all the kinetic energy pro

duced by the current in the electrical particles of the Ampèrian

currents should be completely transferred to these other particles

at each instant.

But apart from the consideration that it is impossible to con

ceive how such a complete transference could take place, it

is self-evident that any even partial transference of the kinetic

energy of Ampèrian molecular currents to other particles is con

tradictory of the permanence which belongs to the essential

nature of Ampèrian currents. If such a transference of kinetic

energy from electrical particles in molecular currents to other

particles were really to occur, it would simply prove that the

molecular currents formed by these particles were not Ampèrian

molecular currents, since they would not possess the permanence

wherein the essence of Ampèrian molecular currents consists.

Hence it follows as a consequence that, if in conductors all the

electrical particles exist in the state of aggregation correspond

ing to Ampèrian molecular currents, the observed increase in

the thermal energy of a conductor, during the passage of a

current through it, must result immediately from the increase of

the kinetic energy of the electrical particles constituting the

Ampèrian currents; that is to say, the thermal energy imparted

to the conductor by the current must be kinetic energy due to

motions in the interior of the conductor, and must in fact consist

in an increase in the strength of the Ampèrian currents formed by

the electrical particles in the conductor.

Reference may also be made, in connexion with the identity of

thermal energy and the kinetic energy of Ampèrian molecular

currents, to what is said respecting “the Transformation of the

work of the current into Heat,” in the 10th volume of the

Abhandlungen der K. Ges. d. Wiss. zu Göttingen (1862), in the

33rd section of the memoir entitled “Zur Galvanometrie.”

20. On Thermomagnetism.

The following remark readily connects itself with the hypothe

sis of the previous section, that the electricity in conductors

exists in the state of aggregation corresponding to Ampèrian

molecular currents—and with the consequent identity of the

thermal energy of the conductor and the kinetic energy of the

Ampèrian currents in the conductor—namely, that equality of

temperature in two conductors must depend upon certain rela
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tions between the strength and character of the Ampèrian

currents in the two conductors, but that, along with the relation

needed for this equality of temperature, the following difference

may exist between the currents of the two conductors, namely:-

that greater masses of electricity may move with smaller velo

city in the Ampèrian currents of the one conductor, and smaller

masses of electricity with greater velocity in those of the other
conductor.

Let now a ring be conceived, formed of two such dissimilar

conductors, through which a constant current passes, so that in

the same time an equal quantity of electricity passes through

every section of the ring; then it is evident that equal quantities

of electricity must also traverse the two sections which bound

the first layer of the second conductor. But the electricity which

traverses the first section comes from the first conductor, in the

molecular currents of which large masses of electricity move

with small velocity. Hence, in consequence of this smaller

velocity, this electricity which penetrates into the first layer of

the second conductor possesses less vis viva. The electricity which

passes through the second section comes from the above-men

tioned first layer of the second conductor itself, where a smaller

mass of electricity moves in the Ampèrian currents with a

greater velocity, and therefore it possesses, in consequence of

this greater velocity, a greater vis viva. It follows from this,

that, as a consequence of the current, this first layer of the

second conductor gives up more vis viva to the following layer

of the second conductor than it receives from the last layer of

the first conductor. Consequently a diminution takes place in

the kinetic energy of the Ampèrian currents of this layer, or, in

other words, a diminution of the thermal energy or temperature.

The opposite condition is found on considering the two

sections which bound the first layer of the first conductor. The

electricity which passes through the first section into this layer

comes out of the end of the second conductor with a greater

velocity; and that which passes out of this layer through the

second section, leaves this section with a smaller velocity; whence

it follows that, as a consequence of the current, the first layer of

the first conductor gives up less vis viva to the following layer of

the same conductor than it receives from the last layer of the

second conductor; and thus an increase takes place in the kinetic

energy of the Ampèrian currents of this layer, or, in other

words, an increase of the thermal energy or temperature.

It will be seen that a foundation is here presented for the

doctrine of thermomagnetism, and in particular for Pelticr's fun

damental experiment, although it would lead us too far to pursue

it further here.

Phil. Mag. S. 4. Vol. 43. No. 284, Feb. 1872. L
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It may suffice merely to add here a similar remark in relation

to Seebeck's fundamental thermomagnetic experiment. In a body

which possesses the same temperature in all its parts, the heat is

supposed to be in a state of mobile equilibrium; or we speak, with

Fourier, of a reciprocal radiation of the particles of the body,

by virtue of which each particle parts with just as much heat to

the surrounding particles as it receives from them. Now, if

heat consists in Ampèrian molecular currents, which, however,

are broken up by the positive and negative particles separating

from each other until they encounter other particles, with which

they form new molecular currents, equilibrium of temperature

must consist in this, that the vis viva of the electrical particles

which leave any part of the body is equal to the ris viva of the

electrical particles which enter this part of the body. -

Let us now consider the surface of contact of two conductors

which differ from each other only by greater masses of electricity

moving with smaller velocity in the Ampèrian currents of one,

and smaller masses moving with greater velocity in those of the

other. Then, when both the conductors are at the same tempe

rature, the vis viva of the electrical particles which pass from the

first conductor into the second must be equal to the ris viva

of the electrical particles that pass from the second conductor

into the first ; but the mass of the electrical particles which pass

from the first conductor into the second would be greater than

the mass of the electrical particles which pass out of the second

conductor into the first. But from this (if the electricity which

passes over is always positive, while the negative electricity

remains behind in the conductor, to the particles of which it

adheres) there would result a difference of electrical charge on the

two sides of the surface of contact; that is to say, there would

result an electromotive force at this surface of contact; for the

electromotive force of a surface of contact is a force whereby a

difference of electrical charge is produced at the two sides of

the surface of contact.

If now the two conductors are of such a nature that this

difference of charge at the two sides of their surface of contact is

not always the same, but is greater or less according to variations

of temperature, there would follow the production of a current

in a ring formed of these two conductors, if different tempera

tures were to exist at the two surfaces of contact of the con

ductors.

21. Helmholtz on the contradiction between the Law of Electrical

Force and the Law of the Conservation of Force.

In his memoir, “Ueber die Bewegungsgleichungen der

Elektricität für ruhende leitende Körper,” in the Journal für

die reine und angewandte Mathematik (vol., lxxii. pp. 7 and 8),
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Helmholtz deduces from the law of electrical force the equation

of motion of two electrical particles for motions in the direction

of the distance r of the two particles, namely

ee'

1.e-ºf
cc dº? #mcc—7

- el 2ee' -

or, puttingc=º and i. =p, the equation

1 drº_r-ro. p ,

- ce dtº r—p ro’

that is to say, the same equation as was arrived at in section 9.
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greater than cc, and # is therefore real. If the latter is also

positive, r will increase untilg= }mcc, that is till r=p,and then

# becomes infinitely great.

- - - - e' -

The same will happen if, to begin with, C > \mcc>% that is,

if E - 1-8, and dr is negative.

To r dt

These consequences are, according to Helmholtz, in contra

diction with the law of the conservation of force.

Now it may be remarked hereupon, in the first place, that

two electrical particles are here assumed which begin to move

with a finite velocity certainly, but one which is greater than

- - millimetre

the velocity c-greater, that is, than 439450. 10° second

The case of two bodies moving relatively to each other with such

a velocity is nowhere recognizable in nature. In all practical
.2

1 d

cases we are accustomed rather to treat ce #. as a very small

fraction; and this deserves notice.

For, according to Helmholtz (loc. cit, p. 7), a law is in con

tradiction with the law of the conservation of force if two par

ticles, moving in accordance with it and beginning with a finite

velocity, attain, within a finite distance of each other, infinite vis

viva, and so are able to do an infinitely great amount of work.

The principle seems to be here announced that, according to

the law of the conservation of force, two particles cannot, under

any circumstances, possess* vis viva.

12
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For the above assertion may evidently be inverted, and we

may say a law is in contradiction with the law of the conser

vation of force, if two particles, moving in accordance with it

and beginning with infinite velocity, attain, at a finite distance

from each other, finite vis viva, and thus suffer an infinitely

great diminution of the work which they are able to perform.

The two particles must therefore always retain an infinite

velocity; for if they have not lost it in any finite distance, how

ever great, they would, in accordance with the nature of potential,

never lose it even at greater distances. But bodies which

always move relatively to each other with an infinite velocity are

excluded from the region of our inquiries.

But if two particles never possess more than finite vis viva,

there must be a finite limiting value of vis viva which they

never exceed. It is consequently possible that this limiting

value for two electrical particles e and el may be =*. that is,

that the square of the velocity, with which the two particles

move relatively to each other, may not exceed cc.

... The contradiction urged by Helmholtz would, according to

this, lie not in the law, but in his assumption, according to
which the two particles began to move with a velocity the square

of which, namelyº WaS > CC,

If such a determination of the limiting value of vis viva is

assumed in connexion with the law of the conservation of force

according to Helmholtz, it may equally well be assumed in

connexion with the fundamental law of electrical action (see

section 4); that is, the work denoted there by U, as well as the

vis viva denoted by a (in the law U+z=%) may both be re

garded as being by their nature positive quantities.

In the second place, it may be remarked that, though the

two electrical particles do attain infinite vis viva at a finite

distance from each other, this finite distance is p=#: . ! 2

e

which, according to our measures, is an undefinable small distance,

for the same reasons that the electrical masses e and e' are them

selves undefinable according to our measures. This distance

was consequently denominated in section 9 a molecular distance.

The theory of molecular motions requires in any case a special

development, which as yet is wanting throughout. But as long

as such a theory remains excluded from mechanical investigations,

any doubts as to physical admissibility in relation to molecular

motions are without foundation.
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It may be remarked, in the third place, that the same objec

tion, namely that two particles, which begin with finite velocity,

attain infinite vis viva at a finite distance from each other, applies

also to the law of gravitation, if it is assumed that the masses

of ponderable particles are concentrated in points. But if this

objection is got rid of, in the case of the law of gravitation, by

assuming that the masses even of the smallest particles occupy

space, we must make the same assumption in relation to elec

trical particles, in which case it results that only a vanishingly

small part of such a particle arrives at a given instant at the

distance p; another vanishingly small part, which arrived at

the distance p at the previous instant, will have exchanged its

infinitely great velocity of approach for an infinitely great velocity

of separation. But if these vanishing parts of the smallest par

ticles are solidly connected together, there cannot be any

question of such infinite velocities at all.

Even cosmical masses may begin their movements under

physically admissible conditions, and, by continuing to move

according to the law of gravitation, may come into physically

inadmissible conditions, which can be avoided only through the

cooperation of molecular forces confined to molecular distances.

The disregard of this cooperation is, strictly speaking, only

temporarily allowable, namely so long as the conditions are

such that its influence is either nothing or may be regarded as

vanishingly small. But just as little as an objection to the law

of gravitation is derived from this fact, ought any objection to

the fundamental law of electrical action to be derived from the

physically inadmissible conditions to which, according to

Helmholtz, this law leads, when it is considered that these in

admissible conditions are connected only with certain molecular

distances.

XVI. Notices respecting New Books.

Theory of Heat. By J. Clerk Maxwell, M.A., F.R.S., Professor

of Erperimental Physics in the University of Cambridge. London:

Longmans, Green, and Co. 1871. (Pp. 312.)

Th; subject of this work is correctly indicated by its title; it is a

treatise on the Theory of Heat; its writer's aim having been to

state and enforce the general propositions that have been established

regarding the nature and effects of heat, rather than to discuss the

particular facts which are summed up in those propositions. It

must not be supposed, however, that no notice is taken of the expe

riments which form the basis of our knowledge of Heat; on the con

trary, they are described, where necessary, at sufficient length to

bring out the principles involved in them; but they are described


